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Abstract

Trajectory designfor high-dimensional systemswith
nonconvex constraints is a challenging problem consid-
ered in this paper. Classial dynamic programming is
often employel, but can only 'nd a glokal optimal solu-
tion for low-dimensional problems. Recently, random-
ized techniqueswere introduced into trajectory design
with considerble suaess; however, their performance
is not reliable when problem domain knowledge is in-
suzcient to provide good guidance information to the
planner, and they can only achieve probabilistic com-
pleteness. In this paper, we rst de ne the accessi-
bility graph, which descrites the connectivity between
all of the states accessiblefrom the initial state for a
trajectory designproblemand providesus an algorithm
and analysis framework. Basel on the framework, we
extend our previous methads by combining randomized
techniques,systematicsearch and state space discretiza-
tion. One extensionwill return an optimal solution in
the explord state space. By the intr oduction of Lips-
chitz conditions, our analysis on the accessibility graph
showsthat our methads achieve a deterministic reso-
lution completenessand that this completenessis not
con ned to a speci ¢ state space discretization.

1 Intro duction

Trajectory design for high-dimensional nonlinear
systemswith noncorvex constraints attracts more and
more attention in current researd. A typical prob-
lem is shovn in Fig. 1. In most of the work
[4,5,6,7,9,16, 17, 18], classicaldynamic programming
methods are applied to nd a global optimal solution;
howewer, becauseof the curse of dimensionality, their
successis only limited to low-dimensional problems.
Randomized techniques are introduced into trajectory
designin [13, 14]. Their application in motion planning
for autonomous vehicles[8] and nonlinear underactu-
ated vehicles[10, 19] achievesgood results. Their per-

Figure 1: A trajectory designexperiment for an under-
actuated 12-dimensionalspacecraftwith three thrusters
moving in a 3D grid.

formance might degrade greatly when suxcient prob-
lem domain knowledgecannot be provided to construct
a good metric function, which provides heuristic guid-
ance information for the planner. We call this phe-
nomenonmetric sensitivity. The application of random
techniquesin trajectory designis also usedin [12]. In
[4], a method is usedto reduce the metric sensitivity
of Rapidly-exploring Random Trees(RRTs) by apply-
ing exploration information and the constraint violation
frequency (CVF) collected during the exploration, but
it is complete only for special trajectory design prob-
lems. In this paper, we rst de ne the accessibility
graph and describe the relation betweenthe accessibil-
ity graph and the planner. Based on the accessibilily
graph, we explain situations in which the method in [4]
is incomplete and extend the incomplete method to be



suitable for generaltrajectory designproblemsby com-
bining systematic seart, randomized techniques, and
state spacediscretization. One of methods will return
an optimal solution in the explored state space.

Another key part of this paper is completenessanal-
ysis of our methods for trajectory design. Random-
ized algorithms are normally probabilistically complete
[11, 15|, which meansthat with enoughiterations the
probability of "nding a existing solution corvergesto
one. In this paper, by combining the accessibility
graph, discretization of the state spaceand Lipschitz
conditions, resolution completenessconditions for tra-
jectory designplanners are presened, in which resolu-
tion completenessmeansthat the planner will nd the
solution with a "nite number of iterations, if one ex-
ists, when the discretization resolution is in a speci ed
range. It is di®erent from the asymptotic completeness
in [1], in which an exact algorithm for a small time lo-
cally cortrollable systemis complete when the control
period is small enough, seard depth is big enoughand
discretization resolution is big enough. In this analysis,
we will show that a resolution completeplanner suitable
for generaltrajectory design problems must discretize
the state space.

Many methods are usedto discretize the con gura-
tion or state spacein the literature. In [7], the dis-
cretization is basedon the grid built from the accel-
eration bounds and "xed time step. Reif and Wang
use nonuniform boxes to discretize the con guration
spacein [18]. Neither work considersthe completeness
problem. In [1], the con guration spaceis decomposed
into disjoint parallelepipeds of equal size and asymp-
totic completenessis derived. More generally in [2], a
partition is usedto discretizethe state space,and there
is no restriction on the form of setsin the partition. In
our paper, we nd that instead of the partition, a cover-
ing of the state spacewith given restrictions is usedto
discretize the state spaceand the resolution complete-
nesswill still be satised. The partition is a special
form of the covering becausethe setsin a partition are
disjoint and the setsin a covering might overlap.

2 Problem Form ulation

The trajectory design problem, ¢, considered in
this paper is de ned as a nine-tuple (X; D; Xinit ;X goal ;
U; #t; Y2, ):

1. X, state space: An n-dimensional compact dif-
ferertiable manifold, X = fx = (x1; X2; ¢¢¢; x,)g %

R".
2. D, constrain t satisfaction function: A func-
tion, D : X | ftrue;f alseg, determineswhether

global constraints are satis ed for a state, x, in
which tr ue meansthat global constraints are sat-
is ed and f alse meansthat global constraints are
not satis ed. The global constraints are of the form

g(x) > 0. Combining X and D, wede ne X ee =
fxjx2X;D(x)=trueg= fxjx2X;g(x)> 0g.

3. Xinit ; Xgoal, boundary conditions: Xinit 2
Xt ree is the initial state and X goar %2 X ree is the
set of goal states.

4. U, nite input set: The complete set of h-
dimensional inputs that can a®ectthe state; U is
independert of the state. For a cortinuous input
set, someprocedurescan be usedto discretize the
cortinuous input.

5. #, xed control period: A strictly positive real
number which denotesthe period during which a
constart u 2 U is applied.

6. Y2 metric function: A function ¥2: X £ X !

[0;1) dened on X.

. ¢, solution tolerance: A real number, ¢ , O,
which denotes the precision requiremert for the
solution. For an algorithm with analytical results,
the end of atrajectory, Xenq, always liesin X goa SO
that ¢ = 0; for a numerical algorithm, the Xeng al-
ways meetsthe condition 9Xgoai 2 X goar Sud that
YXend; X) < ¢ and ¢ > 0.

8. f, equation of motion: An equation, x =
f (x; u;t), that characterizesthe ewlution of the
state and represetts di®erertial constraints of the
systems. An incremertal simulator integrates this
equation to obtain future states.

~

The objective of the trajectory design problem
is to 'nd a solution control function, u : [to;ts] !
U; in which tg is the starting time and t; = to + K ;
and its corresponding solution path, % : [to;ts] !
Xt ree; Which meet the following conditions:

1. u(t) = vy 2 U; 8t 2 [tg + kit; tp + (k + 1)H);i0 =

1;2;¢¢¢: h;k = 0;1;¢¢¢; K j 1:
2. Y{t) 2 Xiree;t 2 [to;ts ], in which

8
Xinit »

% if t= to; R
Yito + Kat) + o (% upt)dt,

S ift2 (to+ kit to+ (kK+ 1)H]

and k = 0;1; ¢¢¢; K § 1.

3. 9 Xgoal 2 Xgoal; AYts); Xgoal) © &

Y(t) =

We alsorepresen Yby either aninput sequencé/ =
fug;up; €CC uk g in which uj = u(to + (ij 1)) or a
state sequence’y = f Xo = Xinit ; X1; ¢¢¢; Xk g in which
Xi = Yto + ixt).

3 The accessibilit y graph

The algorithm and its analysis are basedon the ac-
cessibility graph, which describesthe connectivity be-
tweenall of the states accessiblefrom Xt .



De nition  of the accessibilit y graph  Beforeintro-
ducing the accessibility graph, the following de nitions
are given:

Def 3.1 Systemtransition equation, s(u; x; t; #t):

It is a function;: s: UE£ X £ [to;ts]£ (0;1) ! X.
The s(u; x; t; £#t) calculatesthe new state by applying a
constantinput u 2 U on a statex(t) 2 X for a constant
time #t. The s(u;x; t; #t) = x+ . f (x; u; t)dt without
considering glokal constraints.

Def 3.2 Violation-fr ee system transition equation,
s(u; x; t; #):

It is a function: s: U £ X¢ree £ [to;tr]£ (0;1) !
Xtree, iIN which U is a function of x 2 X. The
s(u; x; t; #t) is actually the same as s(u; x; t; #) except
for constraints on u and x and its result value. For
8u 2 U and X 2 Xfree, S(U;X; t; ) = s(u;x;t; #) =

t+ +t

x+ T f(xut)dt and 8t° 2 (t;t + #] such that

0
X + ; f(x;u;t)dt 2 X¢ree. It is a systemtransition
equation considering the glokal constraints.

The ¢ canbe thought of as a discrete-time and dis-
cretized input space problem which corresponds to a
multi-stage process. Each stage corresponds to a dis-
crete time and has a set of accessiblestates.

Assume the system begins at time to. Let stage k
correspond to time to + (ki 1), and let N¢ be the
accessiblestate set at stagek. We obtain the following
sequence;

Stage 1, N; = fx j X = Xjnt g; Stage 2, N, =
fx jx = s(u;x%to;#);u 2 Ox9;x°2 N;g; Stagek,
Ny = fxjx=s(ux%to+ (kj 1)3t; #);u2 O(x9;x°2
Nk; 19 _

Based on the above sequencethe de nition of the
accessibility graph follows:

Def 3.3 Accessibility graph, G; :
For a given ¢, G; is a graph G; (N7 ;E; ), in

which N; = Nx and E; = fe(x;x9 j x;x° 2
k=1

N; ;9u 2 U(x);x%= s(u;x; t; #)g:

If 9x; 2 N; and 9x; 2 N; sud that i 6 j and
Xi = Xj, then we say G1 has cyclic paths and the cor-
responding ¢ is cyclic; otherw'ése, ¢ is acyclic.

If 9m > 1such that Ny i oy "Nk = 2, then Ny
is “nite; otherwise,N; is in nite.

Def 3.4 For agiven¢, astate X 2 Xt ¢ is ¢ locally
controllable if and only if 9r > 0 and 8x% ¥x; x% < r
suchthat 9v4¥(to) = x and ¥{t;) = x°

If there existsa ¢ locally cortrollable statein X, the
N, isin nite and discretization techniques should be
usedto guararntee the completeness.

BUILD _RRT(Xinit )
1 Gy -init( Xinit );
2 for k=1to K do
3 Xrand A RANDOM _STATE();
Xnear A NEAREST _NEIGHBOR( X and ; Gsub );

Ubest ; Xnew ; SUCCESSA CONTR OL(Xnear ; Xrand ; Gsub );

Gsub -add_vertex(Xnew );

Gsub -add_edgenear ; Xnew ; Ubest );

4
5
6 if success
7
8
9 Return Ggyp

Figure 2: The basic RRT construction algorithm.

Relation between the accessibilit y graph and the
planner  From the above description, it is clear that
once¢ is given, G; is xed. If there exists a solution
path from Xyt t0 Xgoa under the cortrol period +
and tolerance ¢, it must existin G; . To illustrate this
relation, we de ne the following classof planners.

Def 3.5 Graph seaarch planners, j :
The class of all planners for a given ¢, in which a
graph Gsup (Nsup; Esup) U G1 .

4 Algorithm description

The basic RRT algorithm (Fig. 2) is preseried in
[13]. Initially , Xjnit is the root of Ggy. For ead it-
eration, an Xyang 2 X is chosen,and Xpear 2 Ngyp iS
selectedby NEAREST NEIGHBOR. FOr Xnear , Upest IS
chosenby CONTROL to generateXpew . If Xpew Sat-
is es the global constraints, and “%£Xnew ; Xrand ) IS the
smallestin all of the collision-free states, which are gen-
erated by applying every input in U t0 Xpear » Xnew
will be addedto Ggy,. The performance of RRTs de-
grade when Y2poorly approximate the real path cost,
becauseonly the metric function, %; is usedin NEAR-
EST_NEIGHBOR and CONTROL. Much time will be
wasted in choosing states in collision numerous times,
and the probability of expanding the solution path will
decreasewith more and more iterations.

In [4], we preseried the basic RC-RRT algorithm,
RC-RRT 1, in which exploration information and the
CVF are collected and used during the exploration
to reduce metric sensitivity. Exploration information
records whether an input has beenapplied on a state.
The CVF approximates the constraint violation prob-
ability (CVP), asshown in Fig. 3. The CVP of x is
the probability of paths that beginsfrom x and violates
constraints. The CVP can be calculated by testing all
of input sequencesn x. Becauset isimpractical to cal-
culate the CVP, the CVF is usedto approximate the
CVP. When the constraint violation happensat xs, the
CVF of Ith parert of xs will be increasedby - un-
til the root of Gy is reached. Becausethe number of
violation paths in the explored region is never larger
than the number of all of violation paths, the CVF
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Figure 3: The constraint violation frequency(CVF) ap-
proximates the constraint violation probability (CVP).

will never exceedthe CVP. In NEAREST NEIGHBOR,
exploration information, the CVF and “zare used to
choose Xnear - If all of the inputs have been applied
on a state, x 2 Ngy, X Will be discarded; otherwise,
the probability of not choosing x equalsto the CVF of
X. In CONTROL, exploration information and “2are
usedto chooseupest. If U 2 U hasbeenconsideredfor
Xpest, U Will be discarded; otherwise, it will be applied
to Xpest t0 generatex?,, . The collision free x%,, with
the shortest distance to X;ang Will be added to Ggyp.
If x%,, isin the collision region, the CVF information
will be collected. RC-RRT ; shows reliable performance
in [4]; howewer, its completenessis limited to acyclic
G; with "nite N . To provide a resolution complete
planner for general G; , two extensionsof RC-RRT;
are preseried in this paper.

Using neigh borho ods to exclude rep eated states
The RC-RRT; employs only exploration information
to exclude repeated states; however, if G; is cyclic
or hasin'nite Nj , the planner might corntinue run-
ning even though the entire state spacehas been ex-
plored. To ensurethat the planner terminates in -
nite time for any ¢, a covering of X, |( X), is used
to discretize X to guarantee completeness.The |( X)
divides X into n, compact sets, called neighborhoods
in the following description, St; S?; ¢¢¢; S, which sat-

P

isfy the following conditions: X = S 9 >08i2

_ [ =1 .
[1;2; ¢¢¢; np]; L (S' i Sy > -, in
j2[1;2;¢¢8; Li+1;¢¢hp]
which 1 is the Lebesguemeasure. Theseneighborhoods
can be in di®eren forms sud that various j( X) will
be generated. Without losing generality, a ball neigh-
borhood, B(x;rp) = fx%) %x;x9) < rp;x°2 Xg, is
usedin our methods. Instead of adding the new state,
Xnew , directly into[Gsub in Fig. 2, we che if Xnew is
in B(Ngup;rp) = B(X; rp). If Xnew 2 B(Ngup; p),

X2Nsub
Xnew Will be discarded; otherwise, it will be added to
Ggsup. We call this extension RC-RRT 5.

Returning an optimal solution in the explored
state space Classicaldynamic programming explores
all of the state spaceand returns a global optimal so-
lution; however, randomized methods sacri ce global
optimalit y by only exploring part of the state space.In
RC-RRT 3, we combine classicaldynamic programming
with randomized methods to return an optimal path
in the explored state space. Assumethe current mini-
mum path cost, CMC (x), is calculated for 8x 2 Ngyp.
In Fig. 4, if Xnew IS successfullygenerated from x,,
the following procedurewill be usedinstead of adding
Xnew directly into Ggyp in Fig. 2. If 8Xx 2 Ngyp; Xnew 62
B(x;rp), it will be added to the graph, and its path
cost CMC (Xnew) = CMC (Xp) + C(Xp;u;#t), in which
u 2 U is the input leading Xp t0 Xpew and C(Xp; u; 1t)
is a cost function; otherwise, if Xpew 2 B(Xg;rp) and
CMC (Xnew) ., CMC (x9), Xpew Will be discarded and
the graph is unchanged. If CMC (Xpew) < CMC (X1),
the xnew replacesnode x; in G, the link between xp
and Xnew IS added, and the link betweenx, and x; is
removed. Under theseprocedures,if a solution is found,
it will be the minimum cost path in the explored state
space.

It is apparert that the sizeof neighborhoods (i.e., the
discretization resolution) will a®ectthe completeness
of the algorithm. It needsto be small enoughto avoid
missinga solution for a giventolerance. If there existsa
computation error, the discretization resolution should
be big enoughto avoid returning a wrong solution. We
call amethod resolution completeif the completenessof
the method holds only for a speci ed resolution range.

5 Algorithm analysis

RC-RRTs use the exploration information and
B(X; rp) to exclude repeated states and the constraint
violation frequency to make better choices. First, we
will prove that the constraint violation frequency will
not prevent a solution path from being explored. Then
the resolution completenessargumerts will be pre-
serted.



CMC(X pew) N CMC(X peu)
< ~A >=
CMC(X 1) AN CMC(X 1)
X2 X2 X1
./. -/.\‘\'

Xnew
u
Xp

Figure 4: The method to keepthe minimum cost path.

Lemma 5.1 For a given ¢, supmse there exists a
path, % from Xinit tO Xgoa 2 Xgoa; fOr 8x 2 Y,
RC-RRTs using the constraint violation frequency will
chooseit with a strictly positive probability in a "nite
numker of iterations.

Proof: To 'nd the solution ¥ = fxq =
Xinit ;X1; ¢C¢; Xk g, all nodesin Y4 except xx have to
be chosenand extended such that a solution path can
be generated. Supposeafter | iterations, every x; 2 Y4
for 0 < i < K existsin Ngyp and x;j;Xj+1 ; ¢¢¢; xx are
still unexplored. Let p(x;) denote the probability of
choosing x; asthe nearestnode to extend, ! (S) be the
Lebesguemeasurede ned on X, V(x;) be the Voronoi
region of x; corresponding the given metric, ¥{x;) be
the constraint violation frequency and let m be the
number of inputs in U. According to RC-RRT algo-

rithm description, p(x;) = W(li ¥{x;)). Toshow

that p(x;) is a strictly positive number, we rst nd the

lower bound for - (IV&X‘)) .
To make the algorithm terminate after a nite num-
ber of iterations, Ngyp is nite sud that 97> 0, such

that 8n 2 Ngy;t(V(n)) > 1 Because! (X) is also a

constart, 9- > 0, such that 8n 2 Ngyp; W >

Secondly we nd a lower bound for (1 ¥{x;)). Ini-
tially, when x; is added to Ggyp, ¥Xxj) = 0. With
more iterations, ¥{x;) will increasegradually until Ggyp
ceasesto change . Constraint violation frequency
¥{x;) will achieve its maximum value. Becausexx 2
B (Xgoal; ¢), and Xk 2 Xjree, the input leading to xx
from Xk ; 1 is a collision free input. From the algorithm
description, ¥{xk ; i) < Nl‘<i, 1 < 1. Thus 93 > 0, such
that 8x 2 Ps; (1§ ¥x;)) > 3.

Combining the above two lower bounds together,
93 > 0and9- > 0, suc that p(x;) > 3-. o

According to the de nition of | planners, a Ggy, %2
G; will be generatedin the seart, which is true if
no numerical computation error is considered;however,

consideringthe numerical computation error, Ggy, Will
not be a subgraph of G; . The Ngy might not have
the samestate asN; sud that Ggp, is not isomorphic
to the subgraphof G; and the solution found basedon
Gsup is wrong. In the following theorem, we will show
that resolution completenessis true no matter if there
exists numerical computation error in the computation.
Assume the computer precision error, &x), equals
%x; x9), in which x%is a °oating-p oint number stored
in computer to approximate the actual number, x, we
derive the following resolution completenesgheorem.

Theorem 5.2 (Resolution Completeness)Supmsethe
computer precision error is considered and 9° > 0 such
that 8x 2 X;&x) < . If there exists a solution %
of length K with tolerance § for a given ¢, then RC-
RRT,, RC-RRT, and RC-RRT 3 using B (x; 2) will nd
a solution with tolerance ¢, if the following conditions
are satis ed:

1. The system transition equation s(u;Xx;t; t)
meets the Lipschitz condition: 8u 2 U;xi;Xy 2
X Ys(u; xq; 1 #);s(u;xo; 6 #)) < Ls¥AXg;%2), in
which Ls is a strictly positive constant.

2. The computer precision error ~ < —Z(L&(Sisfl ?1)-
Kc+l . 1
3.  The ball region radius —~— L= <
Lsi 1
) S(Le i 1) L K¢+l | )
2<m|nf<’(SI — ;omin (YUYAto +
2L 1) LK 1 i (AL

k+t); Yto + (k + 1)#t))) g, in which K is the length of
the largestcyclic path in the search graph G; .

4. There exists a collision-free \tunnel" around %
such that D(x) = true for 8x;%x; ¥(t)) ¢ and
t 2 [to;ts]: (The \tunnel" here is di®erent from the
\tube" in [7]. The \tunnel" is useal to guarantee the
completenessand only related to Y2and ¢,; however,the
\tube" is usal for the safety consideration and is related
to rolot sensorsand velccity error correction rate.)

Pro of: For a given ¢, G; is xed. A j planner
generatesa graph Ggp to seard for the solution. Two
computation methods can be used. If every parameter
is represerted algebraically, an exact geometriccompu-
tation method [20] can be taken and no computation
error will exist. RC-RRTs generateGgp ¥2 G; . The
other computation method uses®oating point numbers
to represen the parameters resulting in the numeri-
cal computation error. Let Ggy represen Ggyp gen-
erated by using the °oating point computation. The
Gsup generatedby RC-RRT 1, RC-RRT; and RC-RRT 3
approximate G; but include the computation error. It
is possiblethat the algorithm will report a wrong solu-
tion when the computation error causesa non-solution
path to enter the goal region. The computation error
is related to the computer architecture, algorithm, and
state transition equation. It is dixcult to analyze all
of these computation error factors. To shav the e®ect
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Figure 5: Accumulated computation error resulted
from the computer precision error.

of the computation error on the completeness,a sim-
ple computation error model is used. In this model, we
assumeonly &x) is considered,and all other computa-
tions are accurate.

Let Us = (ug;up;¢etu,) denote an input
sequence. By applying Us on a state x at
time to, we get the "nal state ©(Us;X;tg) =

S(up; (s(up; 1; 66E(s(u1; X; to; #1)) ¢t + (P

2)t; +));to + (p i D)4 ). Using exact com-
putation, because the Lipschitz  condition,
Y0(Us; X1;t0); ©(Us; X2;t0)) < Ls9%x1;X2): For °oat-
ing point methods, by only consideringthe computer
precisionerror in ead stage,the error betweenthe two

“nal statesis 0©(Us; X; to); ©(Us; X% tg)) < %

Becausecompletenessconditions vary with di®eren
G1 , we will provide completenessargumerts for RC-
RRTs in the following three parts:

Part |. Accessibilit y graph with "nite N; and
no cyclic paths All RC-RRTs will achieve complete-
nessfor this G; . Only completenessonditions of RC-
RRT; are preseried in Part | becauseconditions for
RC-RRT, and RC-RRT 3 for this G; is sameasthose
for G; with nite N; and cyclic paths, which will be
discussedin Part I1.

If the exact computation method is used, the com-
pletenesscan be guaranteed by exploring until Ggyp =
G; .

If °oating point computation is used, the anal-
ysis is shovn in Fig. 5. For the solution path
Yo = fug;uy; ¢C uk g, the initial state precision
error © = YUXinit ;xi?1it ) will lead to the error

K +1 .
YOV Xinit ;10); ©(Ya; Xy 1t0)) < S at the
Tnal state. If © < 72(6(5';531 ?1)' the nal computa-
tion error %f (Ps;Xinit );f (Ps;x% )) < ¢. The RC-
RRT will 'nd the solution with tolerance ¢, if 9% and
9Xgoal 2 Xgoal SUh that YY1 ); Xgoal) < ‘2‘

Part Il. Accessibilit y graph with "nite N; and
cyclic paths Becauseonly exploration information is
usedin RC-RRT i, repeated states generatedby cyclic
paths must be included. RC-RRT ; might continue run-

ning eventhough all statesare explored. RC-RRT, and
RC-RRT 3 arecompletefor aG; that has nite N; and
cyclic paths.

Using exact computation, Ggy, generated by RC-
RRT, and RC-RRT 3 using B(x; 0) is always a subset
of G; . Becauseat most jUj iterations a new node
will be added to G, and there are nite number of
nodesin N , the Ggyp will equal to G; after nite
number of iterations and the completenesss achieved.
If B(x;2);2 > 0is usedto exclude repeated states, a
set of nodes, Sy %2 N1 might be replaced by only
one state node in Ngy,. If 2 is too large, a solution
might be missed by exceedingthe tolerance ¢. Let
Sy = fX1;Xo; 60¢;xg %2 Ny , and x°= x;;x; 2 S, will
represent S, in Ggy, if X; is the rst state node visited
in Sy during the seard and 8x 2 Sy;%X; X;) < 2. As-
sumea solution ¥ = (Xo; X1; X2; ¢6¢; Xp; ¢¢¢; Xk ) exists,
in which xp is the rst state in ¥ replacedby state, x;,
sudh that xp 2 Sy and x, 6 X;. Let xk = ©(up; Xp;t),
in which x, = Y{t) and uy = fup.g;Ups2; 6C¢ UK g IS
the input sequenceleading x, to xx. The error re-
sulting from 2 in x; 2 Y% will be L7 P2, Under the
worst-casewhen x; 2 Y4 is replaced, 2 < 2¢((LL§ L 11)) will
guarartee a solution with tolerance ¢, will be found.

Considering the computation error, RC-RRT, and
RC-RRT 3 using B (x; 0) cannot be applied becausethe
two identical states resulting from a cyclic path might
appear di®eren becauseof the computation error. The
B (x;2);2 > 0 must be usedto cortrol the computation
error. If 2 is too small, a single state may result in two
di®eren state nodesin Ngy. Assumethat K. is the
maximum length of all of cyclic paths, if ball radius

Ke+l . 1, . . . .
2 > % , then two identical states will stay in

the same ball region for any cyclic path in G; . The

. . K+l . PR
2 < e (LI: G 15" is neededto cortrol the
approximation precision.
Part Ill. Accessibilit y graph with innite Nj

If there exists a ¢ locally cortrollable state in Xy ee
for a given ¢, N; is innite. Only RC-RRT, and
RC-RRT3 using B(x;2);2 > 0 are suitable for this
problem. It is easyto prove that RC-RRT, and RC-
RRT 3 using B(x; 2);2 > 0 will only generateGgy, with
nite Ngy to approximate G; by considering that
1 (Xtree) is @ nite constart, and 9¢c > 0 sud that
8% 2 Nsup;* (B(X;2) i B(Nsup i fXxg;2)) > ¢, in which
cis aconstart and ! (S) is the Lebesguemeasurefunc-
tion de ned on X.

For exact computation, similar to the above situa-

tion, 2 < 2°((|_LKS ii 11)) will guararntee the solution is found.
° . . . LsK c*l . 9.,
For °oating point computation, ts——-=

< 2L

e(Lsi 1) . LeKettj1
FI( I T (R N
Collision-free  \tunnel* Becauseof the computa-

tion error or the discretization resolution, the path gen-
erated by the planner will be around the neighborhood



of ¥4 The path might belost whenit collideswith obsta-
clesin the neighborhood of ¥4 To prevert this from hap-
pening and ensurecompletenesswe require a collision-
free \tunnel" around Y exists such that D(x) = true
for 8x; ¥x; ¥{t)) - ¢ andt 2 [to;t; ]:

The last condition is usedto keepthe tree expanding.
BecauseB (x; 2) is usedto discretize the state space,
new nodes in the explored neighborhood will be dis-
carded. In order to guarantee that ¥ can be found,
we require that 2 < ) (r)nitr}mK (At + kt); Uto + (kK +

1#)) g

Combining all of above conditions, resolution com-
pletenessconditions are derived. o

To prove RC-RRTs are deterministically resolution
complete, we will also shav that RC-RRTs will 'nd a
solution with "nite number of iterations if one exists by
the following lemma.

Before preserting the lemma, we rst explain some
terms usedin the lemma. For a | method, Xj,it is ini-
tially the only node in Ng,,. During ead iteration, a
node, n, and edgesconnecting n and Ggy, might be
added. Eventually, after a "nite number of iterations,
no more new nodes can be added becauseof the dis-
cretization of the state space. We use Geup (Nsup; Esup)
to represeti the nal Gg,,. Becausenodesin N; might
be addedto Ggy, in a di®erent order, there will be dif-
ferent Ggyp.

Corollary 5.3 If there exists a solution ¥ of length K
with tolerance 5 for a given ¢, and % is optimal in
Gawb MU Gi1, RC-RRT3 will 'nd ¥ with tolerance ¢
if resolution completenessconditions are satis ed and
Gsup are geneated by RC-RRT 3 whenYis found.

Lemma 5.4 For a given ¢ , assumeeach node in N;

costs one unit of space for storing. If the resolution
completenessconditions are satis ed, let m be the num-
ber of inputs in U, n be numbker of nodesin Ggyp,
max n, and let n, be the numbker of sets

sub

in }( X) which correspnds to the chosen neightor-
hood usad in RC-RRT, and RC-RRT3. An RC-RRT ,-
basal planner or RC-RRT 3-based planner needs at most
Nmax M - Npm iterations and Nmax - Ny UNits of space
to determine whether there exists a solution for ¢ .

Nmax =

Pro of: To bound the number of iterations in the
worst-case,we rst needto nd the upper bound for the
number of nodesin Ngu,. N1 represens the number of
nodesin Nq .

Upp er bound for number of nodes in Newp For
agiven ¢, whoseG; hasa nite Ny, a|( X) canbe
constructed, in which 8S' 2 |( X), if 9ny 2 N; \ S',
then 8n, 2 N1 j fnigny, 62S'. Thus, ny - np.
Becausethe resolution completenessonditions are sat-
ised, usingthis !( X), any Ny, hasthe samenumber
of nodesasN1 . ThusNpax = N1 - Np.

For ¢, whose G; has innite N;, a }( X) is
required to meet the resolution completenesscondi-
tions. For the |( X), 9S' 2 |( X) and 9N; =
fnil;ni2;¢¢¢;nij 2 Ni;j ., 29 suc that N; % S'.
According to RC-RRT, and RC-RRT 3 algorithm, only
nk 2 N; will bein Iésub when nj, is the rst node
in N; to be added to Gguyy. 8n 2 N; i fnyg will
not be in Ngyp. Because8Gg,, and 8S' 2 I( X), if
9n; 2 N; \ S', then 8n, 2 N; j fnig;n, 625',
Nmax * Np.

Space requiremen t Becausewe assumeead node
costsone unit of space,RC-RRT, and RC-RRT 3 need
at most nmax - Ny units of space.

Num ber of iterations RC-RRT »-based planner
and RC-RRT 3-based planner will stop searding when
all of the inputs for all state nodes existing in Ngyp
are EXPANDED. Marking oneinput for a state node
as EXPANDED needsat most one iteration. Thus at
most Nmax M - Npm iterations are required to deter-
mine whether a solution exists for a given ¢. ©

6 Exp erimental results

Becausethis paper focuseson the analysis of our
methods in our previous paper [4], results of only two
experimerts are preseried here. Comprehensie exper-
imental results can be found in [3].

To test the performanceof new planners, somemod-
i cations are made to the experiments in [4]. For eact
experiment, we rst set up the problem to make sure
a solution exists, then ran the planners for 50 trials on
the problem. The experiment will keeprunning until all
trials are completed and solutions are found 50 times.
If one of the trials doesnot nd the solution after 48
hours, the experimert is aborted.

The planners used the Motion Strategy Library
(MSL), implemented using GNU C++, and experi-
merts were performed on an Athlon 1000Mhz PC run-
ning Linux.

For the virtual driving experiment (Fig. 6), the goal
biased RC-RRT ;-based planner found the solution in
ead trial with an averageof 1629.62seconds,n which
\goal biased" meanschoosing Xgoai &S Xrandom With a
given probability; this feature helpsthe RRT to extend
to Xgoar. FOr the goal biased RRT-based planner, we
did “fty trials twice. In the rst Tty trials, the rst
planner failed after 48 hours; in the second ft y trials,
the eighth trial failed after 48 hours.

For the trajectory design for a °oating spacecratft,
ernvironments and robot are changedto have more com-
plex geometry (Fig. 1), and the systemequation is the
sameas [4]. The Dual-RC-RRT ;-basedplanner solved
the problem Tt y times with an averageof 8059.31sec-
onds, in which \Dual" meansthat two trees are ex-
tended from Xint and Xgoal, respectively, to obtain a
solution. Wedid the Tt y trials on the goalbiasedDual-
RRT-based planner twice. They both failed in the rst



Figure 6: The virtual driving experimert.

trial after 48 hours.

From experimental results, we can seethat our new
methods solved those challenging problems with rea-
sonableaveragerunning time; howewer, original RRT-
based planners often took two days without "nding a
solution.

7 Conclusion

In this paper, we de ned the accessibiliy graph,
which provided us the algorithm and analysis frame-
work. By considering di®erert types of accessibility
graphs, resolution complete RRTs were presened by
combining systematic seart, randomized techniques
and state spacediscretization; one of the RC-RRTSs re-
turns the optimal solution in the explored state space.
With Lipschitz conditions and analysis on the accessi-
bility graph, we proved that RC-RRT-based planners
are resolution complete and that resolution complete-
nessholds for di®ereri state spacediscretizations.
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