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Abstract

Trajectory design for high-dimensional systemswith
nonconvex constraints is a challenging problemconsid-
ered in this paper. Classical dynamic programming is
often employed, but can only ¯nd a global optimal solu-
tion for low-dimensional problems. Recently, random-
ized techniques were intr oduced into trajectory design
with considerable success; however, their performance
is not reliable when problem domain knowledge is in-
su±cient to provide good guidance information to the
planner, and they can only achieve probabilistic com-
pleteness. In this paper, we ¯rst de¯ne the accessi-
bility graph, which describes the connectivity between
all of the states accessiblefrom the initial state for a
trajectory designproblemand providesus an algorithm
and analysis framework. Based on the framework, we
extend our previous methods by combining randomized
techniques,systematicsearch and state space discretiza-
tion. One extension wil l return an optimal solution in
the explored state space. By the intr oduction of Lips-
chitz conditions, our analysis on the accessibility graph
shows that our methods achieve a deterministic reso-
lution completenessand that this completenessis not
con¯ned to a speci¯c state space discretization.

1 In tro duction

Trajectory design for high-dimensional nonlinear
systemswith nonconvex constraints attracts more and
more attention in current research. A typical prob-
lem is shown in Fig. 1. In most of the work
[1, 5, 6, 7, 9, 16, 17, 18], classicaldynamic programming
methods are applied to ¯nd a global optimal solution;
however, becauseof the curse of dimensionality, their
successis only limited to low-dimensional problems.
Randomized techniques are intro duced into tra jectory
designin [13, 14]. Their application in motion planning
for autonomous vehicles [8] and nonlinear underactu-
ated vehicles[10, 19] achievesgood results. Their per-

Figure 1: A tra jectory designexperiment for an under-
actuated 12-dimensionalspacecraftwith three thrusters
moving in a 3D grid.

formance might degradegreatly when su±cient prob-
lem domain knowledgecannot be provided to construct
a good metric function, which provides heuristic guid-
ance information for the planner. We call this phe-
nomenonmetric sensitivity. The application of random
techniques in tra jectory design is also used in [12]. In
[4], a method is used to reduce the metric sensitivity
of Rapidly-exploring Random Trees(RRTs) by apply-
ing exploration information and the constraint violation
frequency (CVF) collected during the exploration, but
it is complete only for special tra jectory design prob-
lems. In this paper, we ¯rst de¯ne the accessibility
graph and describe the relation betweenthe accessibil-
it y graph and the planner. Based on the accessibility
graph, we explain situations in which the method in [4]
is incomplete and extend the incomplete method to be
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suitable for generaltra jectory designproblemsby com-
bining systematic search, randomized techniques, and
state spacediscretization. One of methods will return
an optimal solution in the explored state space.

Another key part of this paper is completenessanal-
ysis of our methods for tra jectory design. Random-
ized algorithms are normally probabilistically complete
[11, 15], which meansthat with enough iterations the
probabilit y of ¯nding a existing solution convergesto
one. In this paper, by combining the accessibility
graph, discretization of the state spaceand Lipschitz
conditions, resolution completenessconditions for tra-
jectory designplanners are presented, in which resolu-
tion completenessmeansthat the planner will ¯nd the
solution with a ¯nite number of iterations, if one ex-
ists, when the discretization resolution is in a speci¯ed
range. It is di®erent from the asymptotic completeness
in [1], in which an exact algorithm for a small time lo-
cally controllable system is complete when the control
period is small enough,search depth is big enoughand
discretization resolution is big enough. In this analysis,
wewill show that a resolution completeplanner suitable
for general tra jectory design problems must discretize
the state space.

Many methods are used to discretize the con¯gura-
tion or state space in the literature. In [7], the dis-
cretization is based on the grid built from the accel-
eration bounds and ¯xed time step. Reif and Wang
use nonuniform boxes to discretize the con¯guration
spacein [18]. Neither work considersthe completeness
problem. In [1], the con¯guration spaceis decomposed
into disjoint parallelepipeds of equal size and asymp-
totic completenessis derived. More generally in [2], a
partition is usedto discretize the state space,and there
is no restriction on the form of setsin the partition. In
our paper, we ¯nd that instead of the partition, a cover-
ing of the state spacewith given restrictions is usedto
discretize the state spaceand the resolution complete-
nesswill still be satis¯ed. The partition is a special
form of the covering becausethe sets in a partition are
disjoint and the sets in a covering might overlap.

2 Problem Form ulation

The tra jectory design problem, ¢, considered in
this paper is de¯ned as a nine-tuple (X ; D ; x init ; X goal ;
U; ±t; ½;¿; f ):

1. X , state space: An n-dimensional compact dif-
ferentiable manifold, X = f x = (x1; x2; ¢¢¢; xn )g ½
Rn .

2. D , constrain t satisfaction function: A func-
tion, D : X ! f tr ue;f alseg, determines whether
global constraints are satis¯ed for a state, x, in
which tr ue meansthat global constraints are sat-
is¯ed and f alse meansthat global constraints are
not satis¯ed. The global constraints areof the form

g(x) > 0. Combining X and D, we de¯ne X f r ee =
f x j x 2 X ; D(x) = tr ueg = f x j x 2 X ; g(x) > 0g.

3. x init ; X goal , boundary conditions: x init 2
X f r ee is the initial state and X goal ½ X f r ee is the
set of goal states.

4. U, ¯nite input set: The complete set of h-
dimensional inputs that can a®ect the state; U is
independent of the state. For a continuous input
set, someprocedurescan be usedto discretize the
continuous input.

5. ±t, ¯xed control perio d: A strictly positive real
number which denotes the period during which a
constant u 2 U is applied.

6. ½, metric function: A function ½: X £ X !
[0; 1 ) de¯ned on X .

7. ¿, solution tolerance: A real number, ¿ ¸ 0,
which denotes the precision requirement for the
solution. For an algorithm with analytical results,
the end of a tra jectory, xend , always lies in X goal so
that ¿ = 0; for a numerical algorithm, the xend al-
ways meetsthe condition 9xgoal 2 X goal such that
½(xend ; x) < ¿ and ¿ > 0.

8. f , equation of motion: An equation, _x =
f (x; u; t), that characterizes the evolution of the
state and represents di®erential constraints of the
systems. An incremental simulator integrates this
equation to obtain future states.

The objective of the tra jectory design problem
is to ¯nd a solution control function, u : [t0; t f ] !
U; in which t0 is the starting time and t f = t0 + K ±t;
and its corresponding solution path, ¼ : [t0; t f ] !
X f r ee; which meet the following conditions:

1. u(t) = ui 2 U; 8t 2 [t0 + k±t; t0 + (k + 1)±t); i =
1; 2; ¢¢¢; h; k = 0; 1; ¢¢¢; K ¡ 1:

2. ¼(t) 2 X f r ee; t 2 [t0; t f ], in which

¼(t) =

8
>>>><

>>>>:

x init ;
if t = t0;

¼(t0 + k±t) +
Rt

t 0 + k±t f (x; u; t)dt;
if t 2 (t0 + k±t; t0 + (k + 1)±t]
and k = 0; 1; ¢¢¢; K ¡ 1.

3. 9 xgoal 2 X goal ; ½(¼(t f ); xgoal ) · ¿:

Wealsorepresent ¼by either an input sequence¼u =
f u1; u2; ¢¢¢; uK g in which ui = u(t0 + (i ¡ 1)±t) or a
state sequence¼x = f x0 = x init ; x1; ¢¢¢; xK g in which
x i = ¼(t0 + i±t).

3 The accessibilit y graph
The algorithm and its analysis are basedon the ac-

cessibility graph, which describes the connectivity be-
tweenall of the states accessiblefrom x init .
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De¯nition of the accessibilit y graph Beforeintro-
ducing the accessibility graph, the following de¯nitions
are given:

Def 3.1 Systemtransition equation, s(u; x; t; ±t):
It is a function: s : U £ X £ [t0; t f ] £ (0; 1 ) ! X .

The s(u; x; t; ±t) calculates the new state by applying a
constant input u 2 U on a state x(t) 2 X for a constant
time ±t. The s(u; x; t; ±t) = x+

Rt + ±t
t f (x; u; t)dt without

considering global constraints.

Def 3.2 Violation-fr ee system transition equation,
~s(u; x; t; ±t):

It is a function: ~s : ~U £ X f r ee £ [t0; t f ] £ (0; 1 ) !
X f r ee, in which ~U is a function of x 2 X . The
~s(u; x; t; ±t) is actually the same as s(u; x; t; ±t) except
for constraints on u and x and its result value. For
8u 2 ~U and x 2 X f r ee, ~s(u; x; t; ±t) = s(u; x; t; ±t) =
x +

Rt + ±t
t f (x; u; t)dt and 8t0 2 (t; t + ±t] such that

x +
Rt 0

t f (x; u; t)dt 2 X f r ee. It is a system transition
equation considering the global constraints.

The ¢ can be thought of as a discrete-time and dis-
cretized input spaceproblem which corresponds to a
multi-stage process. Each stage corresponds to a dis-
crete time and has a set of accessiblestates.

Assume the system begins at time t0. Let stage k
correspond to time t0 + (k ¡ 1)±t, and let Nk be the
accessiblestate set at stagek. We obtain the following
sequence:

Stage 1, N1 = f x j x = x init g; Stage 2, N2 =
f x j x = ~s(u; x0; t0; ±t); u 2 ~U(x0); x0 2 N1g; Stage k,
Nk = f x j x = ~s(u; x0; t0 + (k ¡ 1)±t; ±t); u 2 ~U(x0); x0 2
Nk ¡ 1g:

Based on the above sequence,the de¯nition of the
accessibility graph follows:

Def 3.3 Accessibility graph, G1 :
For a given ¢ , G1 is a graph G1 (N1 ; E1 ), in

which N1 =
1[

k=1

Nk and E1 = f e(x; x0) j x; x0 2

N1 ; 9u 2 ~U(x); x0 = ~s(u; x; t; ±t)g:

If 9x i 2 N i and 9x j 2 N j such that i 6= j and
x i = x j , then we say G1 has cyclic paths and the cor-
responding ¢ is cyclic; otherwise, ¢ is acyclic.

If 9m > 1 such that Nm ¡
S m ¡ 1

k=1 Nk = ? , then N1
is ¯nite; otherwise, N1 is in¯nite.

Def 3.4 For a given ¢ , a state x 2 X f r ee is ¢ locally
controllable if and only if 9r > 0 and 8x0; ½(x; x0) < r
such that 9¼; ¼(t0) = x and ¼(t f ) = x0.

If there existsa ¢ locally controllable state in X , the
N1 is in¯nite and discretization techniques should be
usedto guarantee the completeness.

BUILD RRT( x init )
1 Gsub .init( x init );
2 for k = 1 to K do
3 x r and Ã RANDOM STATE();
4 xnear Ã NEAREST NEIGHBOR( x r and ; Gsub );
5 ubest ; xnew ; successÃ CONTR OL( xnear ; x r and ; Gsub );
6 if success
7 Gsub .add vertex(xnew );
8 Gsub .add edge(xnear ; xnew ; ubest );
9 Return Gsub

Figure 2: The basic RRT construction algorithm.

Relation between the accessibilit y graph and the
planner From the above description, it is clear that
once¢ is given, G1 is ¯xed. If there exists a solution
path from x init to xgoal under the control period ±t
and tolerance ¿, it must exist in G1 . To illustrate this
relation, we de¯ne the following classof planners.

Def 3.5 Graph search planners, ¡ :
The class of all planners for a given ¢ , in which a

graph Gsub (Nsub ; Esub ) µ G1 .

4 Algorithm description
The basic RRT algorithm (Fig. 2) is presented in

[13]. Initially , x init is the root of Gsub . For each it-
eration, an x r and 2 X is chosen, and xnear 2 Nsub is
selectedby NEAREST NEIGHBOR. For xnear , ubest is
chosen by CONTROL to generatexnew . If xnew sat-
is¯es the global constraints, and ½(xnew ; x r and ) is the
smallest in all of the collision-freestates,which are gen-
erated by applying every input in U to xnear , xnew
will be added to Gsub . The performance of RRTs de-
grade when ½poorly approximate the real path cost,
becauseonly the metric function, ½, is used in NEAR-
EST NEIGHBOR and CONTROL. Much time will be
wasted in choosing states in collision numerous times,
and the probabilit y of expanding the solution path will
decreasewith more and more iterations.

In [4], we presented the basic RC-RRT algorithm,
RC-RRT1, in which exploration information and the
CVF are collected and used during the exploration
to reduce metric sensitivity. Exploration information
records whether an input has been applied on a state.
The CVF approximates the constraint violation prob-
abilit y (CVP), as shown in Fig. 3. The CVP of x is
the probabilit y of paths that beginsfrom x and violates
constraints. The CVP can be calculated by testing all
of input sequenceson x. Becauseit is impractical to cal-
culate the CVP, the CVF is used to approximate the
CVP. When the constraint violation happensat xs, the
CVF of l th parent of xs will be increasedby 1

h ( l +1) un-
til the root of Gsub is reached. Becausethe number of
violation paths in the explored region is never larger
than the number of all of violation paths, the CVF
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Figure 3: The constraint violation frequency(CVF) ap-
proximates the constraint violation probabilit y (CVP).

will never exceedthe CVP. In NEAREST NEIGHBOR,
exploration information, the CVF and ½ are used to
choose xnear . If all of the inputs have been applied
on a state, x 2 Nsub , x will be discarded; otherwise,
the probabilit y of not choosing x equalsto the CVF of
x. In CONTROL, exploration information and ½are
used to chooseubest . If u 2 U has beenconsideredfor
xbest , u will be discarded; otherwise, it will be applied
to xbest to generatex0

new . The collision free x0
new with

the shortest distance to x r and will be added to Gsub .
If x0

new is in the collision region, the CVF information
will be collected. RC-RRT 1 shows reliable performance
in [4]; however, its completenessis limited to acyclic
G1 with ¯nite N1 . To provide a resolution complete
planner for general G1 , two extensions of RC-RRT 1
are presented in this paper.

Using neigh borho ods to exclude rep eated states
The RC-RRT1 employs only exploration information
to exclude repeated states; however, if G1 is cyclic
or has in¯nite N1 , the planner might continue run-
ning even though the entire state spacehas been ex-
plored. To ensure that the planner terminates in ¯-
nite time for any ¢, a covering of X , ¦( X ), is used
to discretize X to guarantee completeness.The ¦( X )
divides X into np compact sets, called neighborhoods
in the following description, S1; S2; ¢¢¢; Sn p , which sat-

isfy the following conditions: X =
n p[

i =1

Si ; 9· > 0; 8i 2

[1; 2; ¢¢¢; np]; ¹ (Si ¡
[

j 2 [1;2;¢¢¢;i ¡ 1;i +1 ;¢¢¢;n p ]

Sj ) > · , in

which ¹ is the Lebesguemeasure.Theseneighborhoods
can be in di®erent forms such that various ¦( X ) will
be generated. Without losing generality, a ball neigh-
borhood, B (x; r b) = f x0 j ½(x; x0) < r b; x0 2 X g, is
used in our methods. Instead of adding the new state,
xnew , directly into Gsub in Fig. 2, we check if xnew is
in B (Nsub ; r b) =

[

x 2 N sub

B (x; r b). If xnew 2 B (Nsub ; r b),

xnew will be discarded; otherwise, it will be added to
Gsub . We call this extensionRC-RRT 2.

Returning an optimal solution in the explored
state space Classicaldynamic programming explores
all of the state spaceand returns a global optimal so-
lution; however, randomized methods sacri¯ce global
optimalit y by only exploring part of the state space.In
RC-RRT3, we combine classicaldynamic programming
with randomized methods to return an optimal path
in the explored state space. Assumethe current mini-
mum path cost, CMC (x), is calculated for 8x 2 Nsub .
In Fig. 4, if xnew is successfullygenerated from xp,
the following procedure will be used instead of adding
xnew directly into Gsub in Fig. 2. If 8x 2 Nsub ; xnew 62
B (x; r b), it will be added to the graph, and its path
cost CMC (xnew ) = CMC (xp ) + C(xp ; u; ±t ), in which
u 2 U is the input leading xp to xnew and C(xp; u; ±t)
is a cost function; otherwise, if xnew 2 B (x1; r b) and
CMC (xnew ) ¸ CMC (x0), xnew will be discarded and
the graph is unchanged. If CMC (xnew ) < CMC (x1 ),
the xnew replacesnode x1 in G, the link between xp
and xnew is added, and the link between x2 and x1 is
removed. Under theseprocedures,if a solution is found,
it will be the minimum cost path in the explored state
space.

It is apparent that the sizeof neighborhoods (i.e., the
discretization resolution) will a®ect the completeness
of the algorithm. It needsto be small enoughto avoid
missinga solution for a given tolerance. If there existsa
computation error, the discretization resolution should
be big enoughto avoid returning a wrong solution. We
call a method resolution completeif the completenessof
the method holds only for a speci¯ed resolution range.

5 Algorithm analysis
RC-RRTs use the exploration information and

B (x; r b) to exclude repeated states and the constraint
violation frequency to make better choices. First, we
will prove that the constraint violation frequency will
not prevent a solution path from being explored. Then
the resolution completenessarguments will be pre-
sented.
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Figure 4: The method to keepthe minimum cost path.

Lemma 5.1 For a given ¢ , suppose there exists a
path, ¼, from x init to xgoal 2 X goal ; for 8x 2 ¼x ,
RC-RRTs using the constraint violation frequencywil l
choose it with a strictly positive probability in a ¯nite
number of iterations.

Pro of: To ¯nd the solution ¼x = f x0 =
x init ; x1; ¢¢¢; xK g, all nodes in ¼x except xK have to
be chosenand extended such that a solution path can
be generated. Supposeafter l iterations, every x i 2 ¼x
for 0 < i < K exists in Nsub and x i ; x i +1 ; ¢¢¢; xK are
still unexplored. Let p(x i ) denote the probabilit y of
choosing x i as the nearestnode to extend, ¹ (S) be the
Lebesguemeasurede¯ned on X , V (x i ) be the Voronoi
region of x i corresponding the given metric, ¾(x i ) be
the constraint violation frequency, and let m be the
number of inputs in U. According to RC-RRT algo-
rithm description, p(x i ) = ¹ (V (x i ))

¹ (X ) (1 ¡ ¾(x i )). To show
that p(x i ) is a strictly positive number, we ¯rst ¯nd the
lower bound for ¹ (V (x i ))

¹ (X ) .
To make the algorithm terminate after a ¯nite num-

ber of iterations, Nsub is ¯nite such that 9¶ > 0, such
that 8n 2 Nsub ; ¹ (V (n)) > ¶. Because¹ (X ) is also a
constant, 9· > 0, such that 8n 2 Nsub ; ¹ (V (x i ))

¹ (X ) > ·:
Secondly, we ¯nd a lower bound for (1 ¡ ¾(x i )). Ini-

tially , when x i is added to Gsub , ¾(x i ) = 0. With
more iterations, ¾(x i ) will increasegradually until Gsub
ceasesto change . Constraint violation frequency
¾(x i ) will achieve its maximum value. BecausexK 2
B (xgoal ; ¿), and xK 2 X f r ee, the input leading to xK
from xK ¡ 1 is a collision free input. From the algorithm
description, ¾(xK ¡ i ) < N i ¡ 1

K i < 1. Thus 9³ > 0, such
that 8x 2 Ps; (1 ¡ ¾(x i )) > ³ .

Combining the above two lower bounds together,
9³ > 0 and 9· > 0, such that p(x i ) > ³ · . ¤

According to the de¯nition of ¡ planners, a Gsub ½
G1 will be generated in the search, which is true if
no numerical computation error is considered;however,

consideringthe numerical computation error, Gsub will
not be a subgraph of G1 . The Nsub might not have
the samestate as N1 such that Gsub is not isomorphic
to the subgraphof G1 and the solution found basedon
Gsub is wrong. In the following theorem, we will show
that resolution completenessis true no matter if there
existsnumerical computation error in the computation.

Assume the computer precision error, &(x), equals
½(x; x0), in which x0 is a °oating-p oint number stored
in computer to approximate the actual number, x, we
derive the following resolution completenesstheorem.

Theorem 5.2 (Resolution Completeness)Supposethe
computer precision error is considered and 9´ > 0 such
that 8x 2 X ; &(x) < ´ . If there exists a solution ¼
of length K with tolerance ¿

2 for a given ¢ , then RC-
RRT1, RC-RRT2 and RC-RRT3 using B (x; ²) wil l ¯nd
a solution with tolerance ¿ if the following conditions
are satis¯ed:

1. The system transition equation s(u; x; t; ±t)
meets the Lipschitz condition: 8u 2 U; x1; x2 2
X ; ½(s(u; x1; t; ±t); s(u; x2; t; ±t)) < L s½(x1; x2), in
which L s is a strictly positive constant.

2. The computer precision error ´ < ¿(L s ¡ 1)
2(L s

K +1 ¡ 1) :

3. The ball region radius
L s

K c +1 ¡ 1
L s ¡ 1

´ <

² < minf
¿(L s ¡ 1)
2(L K

s ¡ 1)
¡

L s
K c +1 ¡ 1
L K

s ¡ 1
´ ; min

k=0 ;¢¢¢;K
(½(¼(t0 +

k±t); ¼(t0 + (k + 1)±t))) g, in which K c is the length of
the largestcyclic path in the search graph G1 .

4. There exists a collision-fr ee \tunnel" around ¼
such that D(x) = tr ue for 8x; ½(x; ¼(t)) · ¿ and
t 2 [t0; t f ]: (The \tunnel" here is di®erent from the
\tube" in [7]. The \tunnel" is used to guarantee the
completenessand only related to ¼and ¿; however,the
\tube" is used for the safetyconsideration and is related
to robot sensorsand velocity error correction rate.)

Pro of: For a given ¢, G1 is ¯xed. A ¡ planner
generatesa graph Gsub to search for the solution. Two
computation methods can be used. If every parameter
is represented algebraically, an exact geometriccompu-
tation method [20] can be taken and no computation
error will exist. RC-RRTs generateGsub ½ G1 . The
other computation method uses°oating point numbers
to represent the parameters resulting in the numeri-
cal computation error. Let ·Gsub represent Gsub gen-
erated by using the °oating point computation. The
·Gsub generatedby RC-RRT 1, RC-RRT2 and RC-RRT3
approximate G1 but include the computation error. It
is possiblethat the algorithm will report a wrong solu-
tion when the computation error causesa non-solution
path to enter the goal region. The computation error
is related to the computer architecture, algorithm, and
state transition equation. It is di±cult to analyze all
of these computation error factors. To show the e®ect
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Figure 5: Accumulated computation error resulted
from the computer precision error.

of the computation error on the completeness,a sim-
ple computation error model is used. In this model, we
assumeonly &(x) is considered,and all other computa-
tions are accurate.

Let Us = (u1; u2; ¢¢¢; up) denote an input
sequence. By applying Us on a state x at
time t0, we get the ¯nal state ©(Us; x; t0) =
s(up; (s(up¡ 1; ¢¢¢(s(u1; x; t0; ±t)) ¢¢¢; t0 + (p ¡
2)±t; ±t)) ; t0 + (p ¡ 1)±t; ±t). Using exact com-
putation, because the Lipschitz condition,
½(©(Us; x1; t0); ©(Us; x2; t0)) < L s

q½(x1; x2): For °oat-
ing point methods, by only considering the computer
precisionerror in each stage,the error betweenthe two
¯nal states is ½(©(Us; x; t0); ©(Us; x0; t0)) < L s

q +1 ¡ 1
L s ¡ 1 ´ :

Becausecompletenessconditions vary with di®erent
G1 , we will provide completenessarguments for RC-
RRTs in the following three parts:

Part I. Accessibilit y graph with ¯nite N1 and
no cyclic paths All RC-RRTs will achieve complete-
nessfor this G1 . Only completenessconditions of RC-
RRT1 are presented in Part I becauseconditions for
RC-RRT2 and RC-RRT3 for this G1 is sameas those
for G1 with ¯nite N1 and cyclic paths, which will be
discussedin Part I I.

If the exact computation method is used, the com-
pletenesscan be guaranteed by exploring until Gsub =
G1 .

If °oating point computation is used, the anal-
ysis is shown in Fig. 5. For the solution path
¼u = f u1; u2; ¢¢¢; uK g, the initial state precision
error ´ = ½(x init ; x0

init ) will lead to the error
½(©(¼u ; x init ; t0); ©(¼u ; x0

init ; t0)) < L s
K +1 ¡ 1
L s ¡ 1 ´ at the

¯nal state. If ´ < ¿(L s ¡ 1)
2(L s

K +1 ¡ 1) , the ¯nal computa-
tion error ½(f (Ps; x init ); f (Ps; x0

init )) < ¿. The RC-
RRT will ¯nd the solution with tolerance ¿ if 9¼ and
9xgoal 2 X goal such that ½(¼(t f ); xgoal ) < ¿

2 .
Part I I. Accessibilit y graph with ¯nite N1 and

cyclic paths Becauseonly exploration information is
used in RC-RRT1, repeated states generatedby cyclic
paths must be included. RC-RRT 1 might continue run-

ning even though all statesare explored. RC-RRT 2 and
RC-RRT3 arecompletefor a G1 that has¯nite N1 and
cyclic paths.

Using exact computation, Gsub generated by RC-
RRT2 and RC-RRT3 using B (x; 0) is always a subset
of G1 . Becauseat most jUj iterations a new node
will be added to Gsub and there are ¯nite number of
nodes in N1 , the Gsub will equal to G1 after ¯nite
number of iterations and the completenessis achieved.
If B (x; ²); ² > 0 is used to exclude repeated states, a
set of nodes, Sx ½ N1 might be replaced by only
one state node in Nsub . If ² is too large, a solution
might be missed by exceeding the tolerance ¿. Let
Sx = f x1; x2; ¢¢¢; xk g ½ N1 , and x0 = x i ; x i 2 Sx will
represent Sx in Gsub if x i is the ¯rst state node visited
in Sx during the search and 8x 2 Sx ; ½(x; x i ) < ². As-
sumea solution ¼x = (x0; x1; x2; ¢¢¢; xp; ¢¢¢; xK ) exists,
in which xp is the ¯rst state in ¼x replacedby state, x i ,
such that xp 2 Sx and xp 6= x i . Let xK = ©(up; xp; t),
in which xp = ¼(t) and up = f up+1 ; up+2 ; ¢¢¢; uK g is
the input sequenceleading xp to xK . The error re-
sulting from ² in x i 2 ¼x will be L (K ¡ p)

s ². Under the
worst-casewhen x1 2 ¼x is replaced, ² < ¿(L s ¡ 1)

2(L K
s ¡ 1) will

guarantee a solution with tolerance ¿ will be found.
Considering the computation error, RC-RRT 2 and

RC-RRT3 using B (x; 0) cannot be applied becausethe
two identical states resulting from a cyclic path might
appear di®erent becauseof the computation error. The
B (x; ²); ² > 0 must be usedto control the computation
error. If ² is too small, a single state may result in two
di®erent state nodes in Nsub . Assume that K c is the
maximum length of all of cyclic paths, if ball radius
² > L s

K c +1 ¡ 1
L s ¡ 1 ´ , then two identical states will stay in

the same ball region for any cyclic path in G1 . The
² < ¿(L s ¡ 1)

2(L K
s ¡ 1) ¡ L s

K c +1 ¡ 1
(L s ¡ 1)L ( K ¡ 1)

s
´ is neededto control the

approximation precision.
Part I I I. Accessibilit y graph with in¯nite N1

If there exists a ¢ locally controllable state in X f r ee
for a given ¢, N1 is in¯nite. Only RC-RRT 2 and
RC-RRT3 using B (x; ²); ² > 0 are suitable for this
problem. It is easy to prove that RC-RRT 2 and RC-
RRT3 using B (x; ²); ² > 0 will only generateGsub with
¯nite Nsub to approximate G1 by considering that
¹ (X f r ee) is a ¯nite constant, and 9c > 0 such that
8x 2 Nsub ; ¹ (B (x; ²) ¡ B (Nsub ¡ f xg; ²)) > c, in which
c is a constant and ¹ (S) is the Lebesguemeasurefunc-
tion de¯ned on X .

For exact computation, similar to the above situa-
tion, ² < ¿(L s ¡ 1)

2(L K
s ¡ 1) will guarantee the solution is found.

For °oating point computation, L s
K c +1 ¡ 1
L s ¡ 1 ´ < ² <

¿(L s ¡ 1)
2(L K

s ¡ 1) ¡ L s
K c +1 ¡ 1

(L s ¡ 1)L ( K ¡ 1)
s

´ .

Collision-free \tunnel" Becauseof the computa-
tion error or the discretization resolution, the path gen-
erated by the planner will be around the neighborhood
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of ¼. The path might be lost whenit collideswith obsta-
clesin the neighborhood of ¼. To prevent this from hap-
pening and ensurecompleteness,we require a collision-
free \tunnel" around ¼ exists such that D(x) = tr ue
for 8x; ½(x; ¼(t)) · ¿ and t 2 [t0; t f ]:

The last condition is usedto keepthe tree expanding.
BecauseB (x; ²) is used to discretize the state space,
new nodes in the explored neighborhood will be dis-
carded. In order to guarantee that ¼ can be found,
we require that ² < min

k=0 ;¢¢¢;K
(½(¼(t0 + k±t); ¼(t0 + (k +

1)±t))) g.
Combining all of above conditions, resolution com-

pletenessconditions are derived. ¤
To prove RC-RRTs are deterministically resolution

complete, we will also show that RC-RRTs will ¯nd a
solution with ¯nite number of iterations if oneexists by
the following lemma.

Before presenting the lemma, we ¯rst explain some
terms used in the lemma. For a ¡ method, x init is ini-
tially the only node in Nsub . During each iteration, a
node, n, and edgesconnecting n and Gsub might be
added. Eventually , after a ¯nite number of iterations,
no more new nodes can be added becauseof the dis-
cretization of the state space.We use ¹Gsub ( ¹Nsub ; ¹Esub )
to represent the ¯nal Gsub . Becausenodesin N1 might
be added to Gsub in a di®erent order, there will be dif-
ferent ¹Gsub .

Corollary 5.3 If there exists a solution ¼of length K
with tolerance ¿

2 for a given ¢ , and ¼ is optimal in
Gsub µ G1 , RC-RRT3 wil l ¯nd ¼ with tolerance ¿
if resolution completenessconditions are satis¯ed and
Gsub are generated by RC-RRT3 when ¼is found.

Lemma 5.4 For a given ¢ , assumeeach node in N1
costs one unit of space for storing. If the resolution
completenessconditions are satis¯ed, let m be the num-
ber of inputs in U, n be number of nodes in ¹Gsub ,
nmax = max

8 ¹G sub

n, and let np be the number of sets

in ¦( X ) which corresponds to the chosen neighbor-
hood used in RC-RRT2 and RC-RRT3. An RC-RRT2-
based planner or RC-RRT3-based planner needs at most
nmax m · npm iterations and nmax · np units of space
to determine whether there exists a solution for ¢ .

Pro of: To bound the number of iterations in the
worst-case,we¯rst needto ¯nd the upper bound for the
number of nodesin ¹Nsub . n1 represents the number of
nodes in N1 .

Upp er bound for num ber of nodes in ¹Nsub For
a given ¢, whoseG1 has a ¯nite N1 , a ¦( X ) can be
constructed, in which 8Si 2 ¦( X ), if 9n1 2 N1 \ Si ,
then 8n2 2 N1 ¡ f n1g; n2 62Si . Thus, n1 · np.
Becausethe resolution completenessconditions are sat-
is¯ed, using this ¦( X ), any ¹Nsub has the samenumber
of nodesas N1 . Thus nmax = n1 · np.

For ¢, whose G1 has in¯nite N1 , a ¦( X ) is
required to meet the resolution completenesscondi-
tions. For the ¦( X ), 9Si 2 ¦( X ) and 9N i =
f ni 1; ni 2; ¢¢¢; nij 2 N1 ; j ¸ 2g such that N i ½ Si .
According to RC-RRT 2 and RC-RRT3 algorithm, only
nik 2 N i will be in ¹Nsub when nik is the ¯rst node
in N i to be added to Gsub . 8n 2 N i ¡ f nik g will
not be in ¹Nsub . Because8 ¹Gsub and 8Si 2 ¦( X ), if
9n1 2 N1 \ Si , then 8n2 2 N1 ¡ f n1g; n2 62Si ,
nmax · np.

Space requiremen t Becausewe assumeeach node
costs one unit of space,RC-RRT 2 and RC-RRT3 need
at most nmax · np units of space.

Num ber of iterations RC-RRT 2-based planner
and RC-RRT3-basedplanner will stop searching when
all of the inputs for all state nodes existing in Nsub
are EXPANDED. Marking one input for a state node
as EXPANDED needsat most one iteration. Thus at
most nmax m · npm iterations are required to deter-
mine whether a solution exists for a given ¢. ¤

6 Exp erimen tal results
Becausethis paper focuseson the analysis of our

methods in our previous paper [4], results of only two
experiments are presented here. Comprehensive exper-
imental results can be found in [3].

To test the performanceof new planners,somemod-
i¯cations are made to the experiments in [4]. For each
experiment, we ¯rst set up the problem to make sure
a solution exists, then ran the planners for 50 trials on
the problem. The experiment will keeprunning until all
trials are completed and solutions are found 50 times.
If one of the trials does not ¯nd the solution after 48
hours, the experiment is aborted.

The planners used the Motion Strategy Library
(MSL), implemented using GNU C++, and experi-
ments were performed on an Athlon 1000MhzPC run-
ning Linux.

For the virtual driving experiment (Fig. 6), the goal
biased RC-RRT1-based planner found the solution in
each trial with an averageof 1629.62seconds,in which
\goal biased" meanschoosing xgoal as x r andom with a
given probabilit y; this feature helps the RRT to extend
to xgoal . For the goal biased RRT-based planner, we
did ¯ft y trials twice. In the ¯rst ¯ft y trials, the ¯rst
planner failed after 48 hours; in the second¯ft y trials,
the eighth trial failed after 48 hours.

For the tra jectory design for a °oating spacecraft,
environments and robot are changedto have more com-
plex geometry (Fig. 1), and the systemequation is the
sameas [4]. The Dual-RC-RRT 1-basedplanner solved
the problem ¯ft y times with an averageof 8059.31sec-
onds, in which \Dual" means that two trees are ex-
tended from x init and xgoal , respectively, to obtain a
solution. Wedid the ¯ft y trials on the goalbiasedDual-
RRT-based planner twice. They both failed in the ¯rst
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Figure 6: The virtual driving experiment.

trial after 48 hours.
From experimental results, we can seethat our new

methods solved those challenging problems with rea-
sonableaveragerunning time; however, original RRT-
basedplanners often took two days without ¯nding a
solution.

7 Conclusion
In this paper, we de¯ned the accessibility graph,

which provided us the algorithm and analysis frame-
work. By considering di®erent types of accessibility
graphs, resolution complete RRTs were presented by
combining systematic search, randomized techniques
and state spacediscretization; one of the RC-RRTs re-
turns the optimal solution in the explored state space.
With Lipschitz conditions and analysis on the accessi-
bilit y graph, we proved that RC-RRT-based planners
are resolution complete and that resolution complete-
nessholds for di®erent state spacediscretizations.
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