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Abstract— Although sampling-basedplanning algorithms
have been extensiely used to approximately solve motion
planning problemswith differ ential constraints, gapsusually
appear in their solution trajectories due to various factors.
Higher precision may be requested,but as we show in this
paper, this dramatically increaseshe computational cost. In
practice, this could meanthat a solution will not be found in
a reasonableamount of time. In this paper, we substantially
improve the performance of an RRT-based algorithm by
planning low precision solutions, and then re ning their
quality by employing a recentgap reduction technique that
exploits group symmetries of the system to avoid costly
numerical integrations. This technique also allows PRMs to
be extendedto problems with differential constraints, even
when no high-quality steering method exists.

I. INTRODUCTION

Motion planning problemswith differential constraints
includebothkinodynamicandnonholonomianotionplan-
ning problems,in which constraintsexist for both the
con guration and its time dervatives. The objectve is
to designan open-loopcontrol history which will safely
drive the robot systemfrom aninitial stateto a goal state.
A challengingexample is shavn in Fig. 1, in which a
control history is designedo maneuer a spacecraftlose
to a large spacestructure,after the failure of some of
the on-boardthrusters.Becauseof pointing constraints
on the communicationantenna,on-boardtelescopeand
startracker, the spacecrafis underrestrictve constraints
both on its position and its attitude. There exists strong
evidence[4], [5] that motion planning with differential
constraintsis intractable. Therefore, mary approximate
methodshave beendesignedA lot of recentplannersare
sampling-baseglannerswhich include mary incremental
searchalgorithms(ISAs) (e.g., RRTs [21]) and roadmap
methods(e.g., PRMs [31]). Since dynamicsconstraints
are consideredn the planning processand the returned
solutionsare executable,a lot of incrementalsearchal-
gorithms(ISAs) have beendesignedecently[2], [3], [9],
[11], [16], [22], [28], [23]. The majority of robot systems
involve continuoustime and inputs; therefore,mostISAs
rst discretizethe spaceof piecavise continuouscontrol
historiesinto a nite subsetwhich decreasethe problem
complity. A directedsearchgraphis incrementallybuilt,

Fig. 1. This extremely challengingproblemrequirestrajectorydesign
for a crippled spacecraftthat has complicatedorientation constraints
(detailsarein SectionVI) and mustdrift amongobstacles.

which correspondgo family of partial solution trajecto-
ries. Initially, thereare a small numberof nodes.In each
iteration, a nodein the graphis chosenand extendedto
generatenenv nodesand edges.If a path in the graph
that connectghe initial stateanda goal stateexists, then
a solution is returned. PRMs have also been used for
systemswith differential constraints[1], [31], in which
either an analyticalsteeringmethodor an ISA is usedas
the local planner

One common problem with sampling-baseglanning
algorithmsis that thereexist gapsin their solutionssince
the solution control history might not exactly drive the
systembetweentwo given states.One main reasonis the
input spacediscretization.Under the discretizationsome
systemsare not small-time locally controllable (STLC):
the setsof reachablestateshave the structureof a lattice,
which preventsthe exact matchingof the trajectoryend-
point with the goal statein a nite numberof steps.In
casesin which the set of reachablestatesis everywhere



dense[24], or even continuous[10], it is possiblein
principle to add a sequencef controlsto move the nal
point arbitrarily closeto the end goal, but this is doneat
theexpenseof theef ciency of thetrajectory Gapsgreatly
degradethe quality of the solutions,especiallywhena gap
appeardar from the end becausea small offset early in
the trajectory might greatly changethe nal state after
integration. Many 1SAs can quickly returnlow precision
solutionswith big gaps.However, nding high precision
solutionswith small gaps usually increaseshe running
time dramatically

If a separatealgorithm could efciently reducegaps,
then ISAs can nd high precision solutions faster by
rst nding low precisionsolutionsand converting them
into high precision solutions. One way to reducegaps
is to use steeringalgorithms|[3], [26], [18], [20], [29].
Steeringmethodsare only available for few classesof
systems,such as kinematically controllable systems[3]
anddifferentially at systemgq29]. Furthermorepbstacle
constraintsaredif cult to incorporatexplicitly in steering
methodsandthe costof theresultingtrajectoriesmight be
dramaticallyincreasedat the gaps.Insteadof steeringwe
have developeda method[6] thatexploits geometricprop-
ertiesof dynamicalsystemsto ef ciently reducegapsby
perturbingthe control history Besidesour work, avoiding
obstacledy optimizingcomputedpathsfor nonholonomic
systemsds presentedn [19], and[15] providesa heuristic
methodto improve the quality of the solutionby searching
a smallerspacewith a higher resolutiondiscretizationof
thecontrolspaceln this paperwe designnew plannerdy
combininganRC-RRT [7] with thegapreductionmethod,
and use the newv plannerto solve several challenging
motion planning problems.Also, we shav how the gap
reductionideacanbe usedto constructa PRM [14] when
a steeringmethodis not available.

Il. THE DISCRETIZED MOTION PLANNING PROBLEM

In this section, we rst de ne the original motion
planning problem we wish to solve, and then de ne a
discretizedversion,usedfor samplingbasedplanners.

Motion planning with differential constaints: A
motion planning problem with differential constraints,
denotedasP, is atuple,(X; ; D;Xinit ; Xgoa; U;f). The
state space,X, is a compactdifferentiable manifold of
dimensionn with a metric function . The constraint
functionD is amapfrom X to R andD(x) 0 means
that the statex 2 X is violation free. The initial stateis
Xinit , andthe setof goal statesis X goa . The input space
U R™ is compact,andm n. The dynamicsof the
system,assumedo be time-invariant, are describedby a
setof OrdinaryDifferential Equationd ODESs)of theform

x(t) = f(x(t); u(t); 1)

in which x(t) 2 X, u(t) 2 U, andx(t) denotesthe time
derivatives of the state.

Considera piecavise continuousopen-loopcontrol his-
tory :[0;t;) ! U. Let X [0;t;) ! X denote
the statetransitionmapfor (1) underthe actionof | i.e.,

(Xo; 1), with t 2 [0;tf), is the solution of the initial
condition problemx(t) = f (x(t); (t)), with x(0) = Xo.
Clearly  (xp;0) = Xp.

Discretized motion planning problems: Most sam-
pling basedplannersrestrict the searchfor a solution to
the motion planningproblemby discretizingtime andthe
control inputs. In otherwords, given a samplingintenal

t, anda nite setUO U, solutionsare parameterizethy
a nite arrayof controlvalues~= (~g;:::;~ 1) 2 UK,
for somek 2 N, in the sensethat (t) = ~p= tc. This
transformsP into a discretizedmotion planningproblem

P = (X5 D;Xinit ;Xgoa; J; tT).
We say that the policy —or its discrete parameter
ization ~— is an exact solution to P if the following

conditions are satised: 1) D( (Xinit ;t)) 0;8t 2
[0;t;), and 2) Otgoal 2 [0t ) : (Xinit ;tgoal) 2 Xgoal -
Since( nite-length) exactsolutionsdo not exist in general
for thediscretizedoroblem,approximatesolutionsmustbe
consideredn that case.We say that the control policy
is a solutionwith tolerance if: 1) D( (Xjnit ;1))
0;8t 2 [0;t;), and 2) Oty 2 [0;tf); Xgoal 2 Xgoal :
( (Xinit ;tgoal);Xgoa) < . In the remainderof the
paperwe will oftenusethe shorthanchotation ' (xg) :=

(Xos1).

I1l. SAMPLING-BASED PLANNERS AND GAPS

We will rst analyzethe ISAs to see how gaps are
generated.Then gaps in roadmap based planners are
discussed.

Incrementalseach algorithms: The generalform of
ISAs is shaovn in Fig. 2. An ISA will take P and ¢ as
parametersand iteratively build a searchgraph for the
solution, in which ¢ is the gap tolerance.To obtain a
solution with tolerance , s is normally much smaller
than (A quantitatve relationshipbetween ¢ and
is conseratively estimatedn [8]). The searchgraphis a
directedgraphGhN ; Ei, in which eachnoden in N is
associatedvith a statex(n) 2 X, andeachedgee 2 E
is associatedvith aninput u(e) 2 O.

In Line 1, the searchgraph G is initialized with ary
starting states.In a single-directionalsearchmethod, G
initially containsa single node,nj,i; , associatedo Xinj; .
For a bidirectionalsearchmethod,G also containsngoa ,
associatedo Xgoa . Similarly, more initial nodescould
also be added.Line 3 selectsa node,ne,y 2 N, and
determinesthe input set Ugy, U for extension.Line
4 selectsa state,Xj,; that may sene as an intermediate
goal. A local plannerchoosesrom Ug,, aninput, Upew ,
which drives the systemfrom x(n¢,, ) toward Xj; over
a time intenval t, generatingthe new stateXpey . Line
6 determinesvhetherthe new trajectory portion satis es
the constraints.If so, then a new node with stateXew
anda new edgewith input upey areaddedto G. In Line
9, whethera solutionexists will be checled againstxpey -
If  (X(Npew);X(N)) < ¢ for somen 2 N, thennpe, is
identi ed with n in G. Furthermorejf thereis a directed
pathin G passingnnew from nint to Ngoar, then the
controlsequencén the pathwill bereturnedasa solution.
Otherwise the processs iterated,until a solutionis found
or a terminationconditionis met, at which point the ISA
hasfailedto nd asolution.This mightoccut for example,
after a speci ed numberof iterations.



INCREMENTAL _SEARCH; s)
E N somestartingstates;

repeat
Neur 3 Ucur SelectCurrentN odg(G);
Xint Selectl nter mediateGoal State (G);
Unew ; Xnew  LocalPlan(X(Ncur ); Xint 5 Ueur 5 1);
if unew leadsto a violation-freetrajectorythen
G:l nsertN ode(Xnew );
G:l nsertD ir ectedEdge(Ncur ; Nnew ; Unew );
SolutionC heck(npew ;P G; s)
0 until TerminationCondition(G)
1 return Failure;

PPRPOO~NOOUTRWNE

Fig. 2. A generaltemplatefor incrementalsearchalgorithms.

Gapsin the solutions: For anedgee 2 E connecting
n, andn, in N, we say that there exists a gap in e
if u(‘e)(x(nl)) 6 x(ny), in which u(e) is the control

associateavith the edge.Whena solutionof P containsa
policy whichis associateavith anedgewith agap,we say
thata solutionhasa gap. Gapscould be inducedby mary
reasonssuch as state spacediscretization,control space
discretization local planners,and numericalintegrations.
If the statespaceis discretizedinto small voxels [2], all
statesin one voxel will be representedby only one state
suchthatgapsareinducedbetweerthesestates Gapsalso
happenvhenanedgeis associatedvith a controlwhichis
designedy anon-actlocal planneranddoesnot exactly
connectwo states Similarly, numericalintegrationcauses
gaps since its resultsare only an approximationof the
actualvalue.To be conciseonly gapsinducedby the gap
toleranceat Line 9 are consideredn the paper However,
methodsfor this type of gapscould easily be extendedto
othertypesof gaps.

ISAs normally are single- or bi-directional tree based
searchThereareno gapsin edgesn thetreesbecaus®ne
endstateof anedgeis obtainedby integratingthe control
associatedhe edgefrom the otherendstate.The only gap
happensvhenwe checkthe existenceof a solution with

s. Take a singledirectional ISA for example,the gap of
a solution only exists between ' and SOmMeXgoal iN
X goal - Bidirectional ISAs will have only one gap in the
middle of a solution.

Roadmapbhasedplanness: For roadmapbasedmeth-
ods, the roadmapis built by using the local planner
to connect states associatedwith milestones.If only
approximatelocal plannersare available, then the gap
tolerance s is usedto checkthe connectiity of those
states,i.e., if a controlu : [0;ty) ! U is designedby
an approximatelocal plannerto connectstatex; and X,
and ( lr(x1);x2) < s, thenx; is consideredto be
connectedto x, by u. In other words, a gap might be
inducedin eachedgein the roadmap.There could exist
more than one gapsin a solution whenthe solution path
passeghrough several edgesin the roadmap.Generally
bidirectionalandroadmapbasedmethodsare muchmore
efcient than single directionalmethodssince they have
less searchdepth and more chanceto detectsolutions.
However, especiallyfor roadmapbasedplanners,since
only few simple robotic systems(e.g., the Reeds-Shepp

car [27]) have analytical steeringalgorithmsto exactly
connecttwo states,multiple gapsin the roadmapcould
seriously affect the precision of the returnedsolutions.
This might be one of the main dif culties associated
with extendingroadmapplannerso motion planningwith
differential constraints.

IV. GAP REDUCTION ALGORITHMS

In this section,we will review the mainideasof the gap
reductionalgorithmsin [6]. First, the geometricproperties
of a classof robotic systems,which are the key to the
ef ciency of our algorithms,arepresentediollowing this,
we provide the gap reductionalgorithms.

Symmetriesin systems: Considera Lie group G,
with identity elemente, acting on the stateof the system
throughthe(left) action :G X ! X;wewill oftenuse
the shorthand 4(x) := ( g;x). We call G a symmetry
group for the system(1) if the system$ dynamicsare
invariant with respectto the action of G. Invarianceis
equialentto thefollowing statementGivenary trajectory
t 70 (x(D);u() 2 X U which is a solution to
Equation(1), the trajectoryt 7! ( ( g;x(t));u(t)) is also
a solutionto equationl for all g 2 G. It canbe veri ed
that invarianceimplies that group actionscommutewith
state transitions.If x; = u ! (Xinit ), then o(x¢) =

(let )) i.e., g U = L

For mary robot systemswﬁh symmetnesx can be
partitioned,at leastlocally, into the Cartesianproductof
two manifoldsX = G Z. For simplicity of expaosition,
we will assumehatZ = R"z, n, < n. Accordingly we
write the genericpointx 2 X asthepair(g;z)2 G Z.
Following corventionsfrom differential geometry Z is
the basespace,G is the ber, and their productX is a
principal ber bundle;see[17].

Gap reduction algorithms: Considera policy u :
[0;ty) ' U obtained from a discrete policy ~ re-
turnedfrom an ISA. Assumethatthereis a gap between

Y (xint ) and X4, a gap elimination algorithm aims
at perturbingu into a new policy v : [0;t,) ! U
such that D( {(Xinit )) 0 for all t 2 [0;t,) and

(v (Xinit )i Xg) (& (Xinit )i Xg). In principle, the
gap reductionproblem can be formulatedand solved as
nonlinearprogrammingproblem with objective function

(¥ (Xinit ); Xg). Suchanapproachs however unpracti-
cal for nonlinearsystemssincethe numberof degreesof
freedomin the choiceof the control perturbatiorv is very
large, and computingthe effect of a perturbationapplied
attimet 2 [0;t;) requiresan ex-novo integration of the
ODE(l) over [t; t; ). In otherwords,sincethe nal state
Xf = (let ) = ~kt t (Xlnlt ) and
eachstatetransnmngenerallycorrespondso an expensve
numerical integration, perturbing u; normally requires
to recalculatestate transitionsfor f 5 gj=;; & 1 which
considerablyaffectsthe runningtime of the optimization.

The idea behind our approachto gap elimination is
the following. Supposethat it is possibleto perturbthe
control input ~ into v : [O;ty) ! U, in sucha way
that v =  for someg 2 G. Then, sincethe
group action and the state o w commute,the new

nal statex? = 4 X¢, which intuitively meansthatthe



remainingpartof thetrajectorycanbe“rigidly translated,
without needfor re-integration. If it is possibleto nd
a classof perturbationson the control input that satisfy
the statedcondition, thenthe nal stateof the trajectory
canbewritten asan algebraicfunction of the perturbation
parameters.

In [6], weidenti ed gap-reductiortechniquespplicable
to systemswith feedback-linearizablbasedynamics,and
with afne in control baseddynamics.In this paper we
will consideronly onetechniquewhich accordingto sim-
ulation experiments,reportedin the samepaper yielded
by far the bestresults.Considey for simplicity, a system
onaprincipal ber bundle,whosedynamicsareexpressed
asqg(t) = g(t) (z(t)), andz(t) = f,(2) + g (2)u. If at
time t, thereexistsu 2 U suchthat

f2(z(1) + G (z(t)hu = O; @)

then a trajectory segment can be inserted after t, over
which the basevariablesremain constant,and the ber

variable evolves accordingto g(t) = g(t) (z(t)). Given
arny t 2 (t; t; ), the genericpoint in the original trajectory
canbe written as | (xo) = ,' 1,(Xo); whereu;

and u, are the restrictionsof the control input history
u to [0;t), and[t; t¢ ), respectiely. De ne the perturbed
controlinputv :[O;tf + )! U asfollows:

< u(t); if t<t;
vt)=, uift<t+ ;
Tou(t ), ift>t+

Then, it canbe veri ed that
Vxo)= oLt oh o) = n u(xo); (3)

with h = exp( ), and = g(t) (z(t))g (1), i.e., the

perturbednal statecanbe obtainedby applyinga certain

groupactionto the unperturbednal state,corresponding
to a ow alongthevector eld for time 0.

The sameargumentcanberepeatedor a nite number
of timesty;:::;tx for which (2) holds; correspondingly
(3) can be written as " (Xo) = h, I hy

! (Xo): The signi cance of the abave equationis that it
shaws that the perturbed nal statecan be obtainedfrom
the unperturbed nal state, through the combination of
(positive) o ws alongthe vector elds ;. An immediate
@nsequencmf this is that, if the setfg 2 G: g =

exp(ii); i 08igisequalto G, thengapscanbe
eliminatedcompletely (ignoring obstacles) A catalogof
vector elds thatsatisfythis conditionsin casef interest,
togetherwith formulasfor inversion,is presentedn [25].

V. IMPROVING PLANNERS BY GAP REDUCTION

In this section,the gap reductionalgorithm[6] is used
to improve samplingbasedplanners As we mentionedn
Sectionlll, obtaining high precision solutions normally
requiresa small gap tolerance.According to our experi-
mentalresultsin Fig. 4, the computationakostincreases
dramaticallywith the gap tolerancedecreasingTherefore,
the key ideafor the improvementis to plan low precision
solutionswith big gaps,andthenre ne solution quality
by reducingthe gaps.Sinceit is relatively easyto nd a

low precisionsolutionandthe gap reductionalgorithmis
very efcient, a high precisionsolutioncould be returned
much faster

Gapsinducedby the gap tolerancewill be reducedin
two stepssincethesegapsexist in boththe ber andbase
spaceThegapsin thebasespacearereducedrst because
the gap reductionalgorithm in [6] reducesthe gapsin
the ber spacewhile maintainingthe basevariables.Then
afterthe gapsin the ber spacearereducedn the second
step,gapsin both ber and basespaceare reduced.To
simplify the rst reduction step, we only considerthe
basedynamicswhile ignoring the ber dynamics.Since
only systemswith afne in control basedynamicsare
consideredn the paper the basegap reductionis actually
a control design problem for systemsafne in control.
Classicatechniguedor systemsaf ne in control[13], [30]
could be usedto reducethe gapsin the basespaceand
are not discussederefor the sale of conciseness.

Modi cation to ISAs: The modi cation to the bi-
directionaltree basedISA is as follows andit could be
easilyextendedto othercasesLet T; andT, betwo trees
generatedrom the initial and goal state,respectiely. We
can assumethat in someiteration, T; generatesa new
nodenpeyw and (X(Nnew);x(n)) > ¢ for ary nin To.
Normally, it will take muchlongertime for T; to generate
n%, suchthat (x(n%,);x(n)) < s for somen in
T,. Now for eachnoden in tree T,, we reducethe gap
betweenx(nnew ) @andx(n) in two stepsshovn above. If
the nal gapis lessthan s, thenwe nd asolution.Note
thatsincethe ber dynamicss ignoredin the rst step,the
gapsin the ber spacecouldbeeitherlargeror smaller We
checkthegapin ber spaceafterthe rst reduction.f it is
lessthan an intermediatetolerance y,, which is normally
muchlargerthan ¢, thenthe gap reductionalgorithm[6]
is calledto reducethe gap in the ber space.

Modi cation to roadmapbasedplanness: Whenan-
alytical steeringmethodsare not available, approximate
planners (e.g., ISAs) could be used as local planners
for roadmapbasedplanners[1]. If the running time of
local plannersinceasesdramatically with the gap tol-
erance decreasing,the performanceof roadmapbased
plannersto nd high precision solutions will degrade
greatly since both the constructionand query dependon
thelocal planner Thereforejf thelocal plannercould nd
higher precisionsolutionsfaster the overall performance
of roadmapbasedplannerswill be improved. Similar to
the above idea, we could improve the local plannerwith
the gap reductionalgorithm.If big gapsin alow precision
solutionare successfullyreducedo be within somegiven
tolerance,then the roadmapis updated.In the roadmap
constructionphase this may allow two milestonesto be
connected.In the query phase,sameapproachmay be
usedto connecttheinitial andgoalqueriesto the solution.
Finally, when a solution is produced,the gap reduction
may be further applied.

VI. SYSTEM MODELS USED IN SIMULATIONS

Our simulation includesthree systemswith afne-in-
control basedynamics,which are a car with dynamics,a
cartrailer system,and an underactuatedpacecraft.



Car with dynamics: The statevectot in coordinates,
is (vy;! Xy, ), inwhichx ,y,and represenposition
and orientation;! is the angularvelocity, v, aretransla-
tional velocity alongthelocal y-axis x edonthe car The
input to the systemis the steeringangleu. The equations
of motion are vy, =  w! + (fys(u) + fy, (u)=M,
L= (fyr(uwa fy(ub)=I, x = vycos() vysin(),
y = v sin( )+ vy cos(), —= !, in which vy, is constant
translationalvelocity alonglocal x-axis,M andl| arethe
massand inertia, and f y¢ (u) andfy, (u) areafne in u
and represenfforces acting on front and rear tires along
the local y-axis. The ber of the systemis (x;y; ), and
the baseis (vy;! ).

The car-trailer system: The cartrailer systemcon-
sistsof a car pulling a trailer. The stateof the systemis
(X;y; 1;V; 2), in which x, y, and ; are position and
orientationof the car, v is the translationalvelocity along
local x-axis of the car, and 5 is the orientationof the
trailer. The input to the systemis (uy; uz), in which u; is
the changingrateof v, andu, controlsthe steeringangle.
The motion equationsof the trailer systemareasfollows:
X = veos(1), y = vsin( 1), 4 = VUp=Ly, v = uy,
2 =vsin( 2)=L,, in which L, is the lengthof the
car, L, the length of the hitch. The systemwith af ne-
in-control base dynamicscould be seenby introducing
the transformation 4 = 1 2 and changethe last
equationaboreto ¢ = vuy=L; vsin( 4)=L,. The ber
of thesystemis (x; y; 1) andthebaseis (v; ). Note,we
intentionally setv, the forward speed,to be nonngative
in our simulation so that the systemis not STLC, and
the gap cannotbe reducedby trivially moving along the
directionof Lie braclet.

The spacecaft with orientation constaints: This
problemis from [12] with somemaodi cations. Dynamics
of the spacecraftis considered.Also, we assumethat
some of the thrusterson the spacecraft(Fig. 3) do not
work becausef malfunction.The translationaforcesand
rotationaltorquesfor the spacecraftvill only be provided
from three pairs of thrusters.Each pair could provide
forcesin oppositejndependendirections,andtheseforces
do not passthroughthe masscenter;the systemis hence
underactuatedut controllable. The state of the system
is representedy (g; ), in which g = (p;R) 2 SE(3)
representgosition,p 2 R® and orientation,R 2 SO(3),
and = (";V) 2 se3) denotethe translationaland
rotational velocity expressedin the body frame. The
§\kew matrix " is de ned as unique matrix for which

v = v;8v 2 R3. The motion equationsare:
R=R"p=RV, - = JY 3y f),
L=V + fy=M; in which J is the inertial matrix,

M is the mass,fy = [up;us;u,]" is the translational
forcevectorf = [ uylg; uoLX;ulLy]T is therotational
torque vectorand Ly, Ly, and L, are vertical distance
from the masscenterto the direction of forcesgenerated
by thrusters.

Besides dynamics constraintsand the space station
in the ervironment, constraintsalso come from the star
tracker, the telescopeand the communicationantennaon
the spacecraft.Speci cally, the antennashould not be
too far away from the direction of the Earthto maintain

Fig. 3. A spacecraftequippedwith a star tracker, telescopeand
communicatiorantennaNote that this modelis a ctional model.

the communication.To protectsensitve equipmentsthe
star tracler cannotbe closeto the direction of the Sun,
andthe telescopecannotbe closeto the direction of ary
bright objects(suchasthe Sun,Moon, Jupiterand Earth).
In our implementation,we assumethat the antennais
at the top of the spacecraftalong the local z axis. The
telescopeand star tracker are along the local x andy
axis, respectiely. The light from bright objectscomesin
parallel from different directions. Speci cally, sitting at
the origin of the inertia frame, we can seethat the light
of the Earth, Sun, Jupiterand Moon is from the direction
of (0;0;1), (1;1;1), (1;1,0), and(1;0;1), respecitiely.

VIl. SIMULATION STUDIES

We did simulationswith two sampling-baseglanners.
One is an ISA basedon ResolutionComplete Rapidly-
Exploring RandomTrees(RC-RRIs) [7], andthe otheris
a basicPRM-basedlanner The simulationis doneon a
2.0 Ghz PC running Linux. The NAG library is usedto
solve nonlinearprogramsin the gap reduction.A motion
planning problem is constructedfor each system from
SectionVI. The problemsandsamplesolutionsareshavn
in Figs.5 and1, respectiely.

The rst setof simulationsshaws the relationshipbe-
tweentherunningtime andthe gaptolerance Theoriginal
RC-RRI basedplanner solves the same problemswith
gap toleranceof different sizes.For eachgap tolerance,
we run the planner20 times and report the total running
time. The smallestgap tolerancefor problemswith the
car, the trailer, and the spacecrafis 0:37, 0:1, and 3:0,
respectiely. The resultsare shawvn in Fig. 4, from which
we can see that the running time of the old planner
increasegdramaticallywith the gap tolerancedecreasing.

In the secondset of simulations, we compare the
runningtime to nd solutionswith similar gap tolerance.
The searchtolerance s for all problemsis around0:1.
Both the old plannerand the improved plannerare used



Currentgap toler. / Smallestgap toler.
Model 1 10 20 30
1 78560.2 | 11265.2| 3881.8| 2647.4
2 143527.6| 22395.3| 420.9 | 193.92
3 570080.0| 11044.4| 6854.5| 6735.2
Fig. 4. Total running times in secondsfor 20 trials to solve same

problemswith differentgaptolerancejn which “toler.” meangolerance,
and“1”, “2” and“3" denotethe problemwith the car, the trailer, and
the spacecraftrespectrely.

Fig. 5. Trajectorydesignfor the carwith dynamicsandthe trailer.

to solve sameproblems40 times. The average maximum
and minimum runningtime arereported.The comparison
of runningtime is givenin Table 6. From the table, it is
easyto seethat the runningtime to nd high precision
solutionsis considerablyreduced We alsodid simulation
for spacecrafproblemwith the resolutionof controlspace
discretizatiorincreasedy 4 times,but the original planner
still did not return solution after 72 hours.

Finally, the PRM planneris test on a problem with
a unicgycle car with the accelerationcontrol. The car
modelis x = vcos();y = vsin( ); —= vuy=L; and
V = Uy, in which(x; y; ) arethepositionandorientation,
v is the forward speed(nonngative in our simulation)
in the local frame, L is the length of the car, uj;u;
control the accelerationand steeringangle, respectiely.
The above improved ISA is usedasthe local plannerwith
the gaptolerance0:1. In the constructionstage a directed
edgeis addedbetweentwo states(including the velocity)
whenthe local plannersuccessfulliconnectghem.In the
multiquery stage,if both initial and goal statescould be
connectedto the roadmap,a solution is returned.After
building the roadmagpfor each25 iterations,we will query
solutionsfor 50 randomly choseninitial and goal state
pairs.Theresultsareshavn in Fig. 8 anda partialroadmap
is in Fig. 7.

VIII. CONCLUSION

This paperestablisheghe power of efcient gap re-
duction techniquesin sampling-basednotion planning
underdifferential constraintsNew plannersare designed
by combiningthe improved gap reductionalgorithm [6]
with an RC-RRTI basedplannerin [7] anda simple PRM
basedblanner The comparisorof RC-RRI basedlanners
with or without gap reductionon the running time to
solve sameproblemsdemonstratediramaticperformance
improvements.We expect that techniquessuch as this

Improved Planner Old Planner

Av. Max. | Min. Av. Max. | Min.
(s) | (s) | ()| (s) (s) | (s)
1| 160 | 550 62 | 24256 | 69714 | 247
2 96 303 2 7176 | 20285| 436
3 || 5562 | 33883 | 504 N/A N/A | N/A

Fig. 6. Comparisonof running time on different problems,in which
“1", “2” and“3" representhe car, trailer, and spacecrafsystem,“Av.”,
“Max.” and “Min.” representthe average, maximum, and minimum
runningtime, “N/A” meansthat no solutionis found after 72 hours.

Fig. 7.
planner

A partial roadmapbuilt by the PRM-basednonholonomic

will enablemary new challengingproblemsto be solved.
Furthermorethe performancef the primitive PRM-based
plannershaved how the gap reductiontechniquesanbe
usedto constructroadmapswithout requiringan accurate
steeringmethod. However, substantialwork remainsto
male this approachto PRMsviable for applications.
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