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Abstract— We addressthe problem of eliminating gapsin paths
that are constructed by some nonholonomic and kinodynamic
motion planning algorithms. In many of thesealgorithms, control
inputs at each planning step are chosen fr om a �nite set,
obtained fr om discretization of the available control set. While
this approach is attracti ve for computational reasons, it can
generate gaps, or discontinuities, either between path segments
or betweenthe �nal state and the desired goal. For the purpose
of reducing gaps, the original control set and continuous time
interval can be utilized, and perturbations may be applied to
incrementally optimize the gap error while respectingcollision
constraints. By exploiting Lie group symmetries, which emerge
in a broad class of robot systems, we are able to avoid costly
numerical integrations that usually occur in eachstepof gradient-
based optimization techniques. It is hoped that the approach
can ultimately lead to faster planning algorithms by allowing
coarser discretizations of time and the available input set, with
the understanding that later re�nements can be made ef�ciently .

I . INTRODUCTION

A fundamentalroboticsproblemis the automatic construc-
tion of control laws that lead to collision-free paths that
satisfy kinematic and possiblydynamic equations of motion.
Techniques that apply to the largest classof problemsusu-
ally require discretizationand numerical approximation to a
continuous-time and continuous-input system. For example
in [3], [8], [7], [9], [17], [20], [25], numerical dynamic
programming yields approximately-optimal solutions. Other
recent approaches, suchas[21], [10], [23], [5], [11], construct
trajectoriesthroughthesequential combination of several“mo-
tion primitives” from a �nite library, chosenthrough a process
of quantization of feasiblecontrol histories.Other sampling-
basedtechniques have also been proposed, particularly for
solving high dimensional problems [13], [16], [18]. Besides
our work, other recent interestin optimizing computed paths
for nonholonomic systemsincludes [15].

Most of theexisting methods thatapplyto general nonlinear
systemseither:1) incrementally build a searchgraphfrom the
initial statetowardthegoalstate,or 2) incrementally build two
trees,onefrom theinitial stateandanother from thegoalstate,
with hopes that the two treeswill eventually meet. Although
methods basedon discretizationand numerical computation
oftenapply to broadclassesof problems,a commonlimitation
is the occurrencesof gaps in the solution. For example, an
effect of the quantization of available control inputs is that
the systemis not small-timelocally controllable (STLC): the
reachable setsunder suchcontrol laws have in several cases
the structureof a lattice, thus preventing the exact matching
of the �na l point of the trajectory with an arbitrary goal, in
a �nite number of steps.(In casesin which the reachable

set is everywhere dense[22], or even continuous [10], it is
possiblein principle to add a sequence of controls to move
the �nal point arbitrarily close to the end goal, but this is
doneat theexpenseof theef�cie ncy of the trajectory.) Single-
tree approaches usually will not achieve an exact goal state,
and the quality of the solution strongly depends on the level
of quantization that was used in the algorithm. Dual-tree,
bidirectional approaches can precisely attain the initial and
goal states;however, there is usually a gap in the middle of
the solutionwherethe two treesmeet.

One is often faced with the tradeoff of selecting more-
expensive approximationsof the original system,eitherof its
statespace, or of the setof control inputs, for the purposeof
reducing this error. If ef�cien t methodscan be developed to
dramatically reduce this error, thenthe solutionquality would
begreatlyimproved. This is especially true for trajectoriesfor
which a gap appearsin themiddle,sincetrajectoryintegration
from an erroneous startingpoint could dramatically alter the
�nal state.Furthermore, theef�cie ncy of numerical approaches
to trajectorydesignandnonholonomic planning canbegreatly
improved by attemptingto solve problemsat a very coarse
level of resolutionwith the understandingthat substantialre-
�nementto reducegapscanbeapplied. Ef�cie nt gap reduction
techniquescanalsobeusedto enable multiple-query roadmap
methods,suchasthosein theprobabilistic roadmapframework
[1], [2], [4], [12], [19], [24], [28], [30], to be adapted to
problemsthat involve differential constraints.Although some
such methods alreadyexist [26], [29], they typically require
a steeringsolution to avoid the gaps that would arise when
connectionsare attempted between states.If a gap-reduction
technique is ef�cien t enough, it could enable the applicability
of this framework to a muchbroader classof systems.

I I . PROBLEM FORMULATION

The focus in this paper is on a subproblemthat typically
arisesin kinodynamic and nonholonomic planning. First, we
formulatethe general motion planning problem, and then we
formally statethesubproblem of interestin this paper, i.e., the
improvementof theprecisionof themotionplanning solution.

The planning problem: The planning problem is ex-
pressedasaseven-tuple,(X ; ½;D; x init ; xgoal ; U; f ), in which:
X is a differentiable manifold of dimension n; ½ : X £
X ! [0; 1 ) is a metric on X ; D : X ! R represents
collision constraintson X by requiringthat thestate,x, satisfy
D(x) · 0; x init is aninitial state;xgoal is a desiredgoalstate;
U ½ Rm representsa compact set of inputs or controls; f is
a smoothmapping from X £ U to the tangent bundle TX
that encodesthe systemdynamics as a set of time-invariant
OrdinaryDifferentialEquations (ODEs),

_x = f (x(t); u(t)) ; (1)



in which x(t) 2 X , u(t) 2 U, and t 2 [0; 1 ).
Let u : [0; t f ) ! U denote a piece-wise continuous,open-

loop control law, state,x(t), could be obtainedvia integration
of (1) for somegiven x(0) and t 2 [0; t f ). Let ©t

u : X ! X
denote a mappingthat takes a starting state,x(t0), to a state
x(t0 + t), after the application of u for durationt (note that
the time argument to u will be shifted by ¡ t0 because the
domain of u is [0; t f )). The choice of t0 is arbitrary due to
time invariance of (1), and thereforeit is not representedin
the notation©t

u .
The planning problem is to �nd someu (andassociatedt f )

such that xgoal = ©t f
u (x init ) and D(©t

u (x init )) · 0 for all
t 2 [0; t f ). In practice, however, quantization is performed
in most planning algorithms, which leads to approximate
goal satisfaction,½(©t f

u (x init ); xgoal ) < ², for somespeci�ed
precision² > 0. Sucha gap canappear, for instance, at theend
of the trajectoryusingtheDijkstra algorithmof [3], or even in
the middle of the trajectorywhen trying to connect two trees
in the bidirectional Rapidly-exploring Random Trees (RRT)
approach[18]. In this paper, we only formulatetheproblemof
reducing thegap at theendof a trajectory;however, only minor
notational adjustments are necessaryto apply the techniques
to reducinggaps in the middle of a trajectory.

In most cases,the running time of the planning algorithm
will increase dramatically as ² is decreased. Therefore, it
is useful to solve the subproblem of taking a computed u,
and perturbing it into a new control function that achieves
improved accuracy by reducing the gap between ©t f

u (x init )
andxgoal . By this approach,a planning algorithmcangenerate
a solution quickly for a large ² tolerance, and then improve
theaccuracy in a second stage,which is themain topic of this
paper.

Closing Gaps to Improve Precision: Assumehere that
a control function u has been computed as an approximate
solutionto the above planning problem. The taskis to perturb
u into a control function, v : [0; t0

f ) ! U, suchthat

½(©
t 0

f
v (x init ); xgoal ) ¿ ½(©t f

u (x init ); xgoal );

while ensuring that D(©t
v (x init )) · 0 for all t 2 [0; t0

f ).
This optimization of ½ will occur as a sequence of small
perturbations that incrementally transform u into v while
preservingall constraints. Ideally, we would like to obtain
©

t 0
f

v (x init ) = xgoal , but this will not usually be possible
dueto numerical considerationsandlimitations of a particular
homotopy class(our methods will not be allowed to change
pathclasses).

Perturbations to u will be generally achieved by �rst
partitioning the domain of u into k small segments, and
then reparameterizing each segment to start at time 0 while
preservingits length.Choosek positive realvalues,t1, t2, : : :,
tk , suchthat t1 + t2 + ¢¢¢tk = t f . For each i 2 f 1; : : : ; kg,
a function ui : [0; t i ) ! U is constructedso that ui (t) =
u(t1 + ¢¢¢+ t i ¡ 1 + t). Due to time-invariance, the samestate
will be reached whether u is appliedor u1, : : :, uk areapplied
in successionas follows:

©t f
u (x init ) = ©t k

u k
± ¢¢¢± ©t 2

u2
±©t 1

u1
(x init ): (2)

Suppose that a small perturbation is made to some ui . To
determinethe resulting�na l state,numerical integrationmust
ordinarily becarriedout usinguj for all j suchthat i · j · k.

Numerical optimization algorithmsrequirethefrequent eval-
uation of the distancefunction ½with respectto variousnew
control functions.Direct application of standardoptimization
techniqueswill lead to excessive computational requirements

in all but themosttrivial cases(e.g.linearor low-dimensional
systems).

Our optimization methods performperturbations that avoid
the costly numerical integrations by exploiting fundamental
geometric symmetry properties of the systemsof interest
in robotic motion planning. The group actions are used to
quickly transformthe latter portionsof a changed trajectory,
which avoids integrations and leadsto dramatic performance
improvements.

I I I . SYMMETRIES OF ROBOT SYSTEMS

The main idea behind the algorithm we propose is the
exploitation of thesymmetriesin thesystemdynamics. In this
section we de�ne and illustrate symmetries,i.e., invariance
propertiesof mechanical systems,and someof their applica-
tions to motion planning.

For the sake of simplicity, we assumethat the statecanbe
partitioned,at leastlocally, into the Cartesianproduct of two
manifoldsX = G£ Z , whereG is a Lie group with identity
element e. For simplicity of exposition, we will assumethat
Z = Rn z , nz < n. Accordingly, we write the generic point
x 2 X asthepair (g; z) 2 G£ Z . Following conventionsfrom
differential geometry, Z is the basespace, G is the �be r, and
their product X is a principal �ber bundle; see[14].

Let the left action, denoted as ª : G £ X ! X , of G
onto X be de�ned as (h; x) 7! ª h (x) = (hg; z) in which
h 2 G; x 2 X . We call G a symmetrygroup for the system
(1) if its dynamicsareinvariant with respectto the left action.
Invariance is equivalentto the following statement.Given any
trajectory t 7! (x(t); u(t)) 2 X £ U which is a solution to
equation (1), the trajectory t 7! (ª h (x(t)) ; u(t)) is also a
solution to equation (1) for all h 2 G.

It canbe veri�ed that invariance implies that groupactions
commute with state transitions. If x f = ©t f

u (x init ), then
ª h (x f ) = ©t f

u (ª h (x init )) , i.e., ª h ± ©t f
u = ©t f

u ± ª h . This
leads to the key step in our proposedprocedure. When we
modify the input signalui of durationt i to u0

i of durationt0
i ,

we will requirethat for somehi in G, the corresponding state
transition,at the i -th step,canbe decomposedas follows:

©t i
u0

i
= ª h i ± ©t i

u i
: (3)

Enforcing the above equality is equivalent to requiring that
the perturbation does not change the starting and ending
condition, in each time interval, of thebasevariablez. In other
words, if x(t) = (g(t); z(t)) is the nominal trajectory, and
xp(t) = (gp(t); zp(t)) is the perturbedtrajectory, we require
thanz(Ti ) = zp(Ti ) with Ti =

P i
j =1 t i , for i = 1: : : k.

If the perturbed state transition can be decomposed as
an action of the symmetry group on the unperturbedstate
transition,thentheperturbed�na l statex0

f , givena changein
thecontrol signalduringthei -th interval only, canbeexpressed
as

x0
f = ©t k

u k
±¢¢¢±©t 0

i
u0

i
±¢¢¢±©t 1

u1
(x init )

= ©t k
u k

±¢¢¢±ª h i ± ©t i
u i

±¢¢¢± ©t 1
u1

(x init )
= ª h i ±©t k

u k
± ¢¢¢± ©t i

u i
±¢¢¢± ©t 1

u1
(x init )

= ª h1 (x f ):

(4)

Thus,we needto computeonly thenew statetransitionduring
interval i to determinethe new �na l position.

Intuitively, the fact that the perturbedstate transition at
the i -th step differs from the original state transition by an
action of the symmetrygroup, means that the remainingpart
of the trajectorycan be “translated” rigidly without needfor
re-computation.



IV. USING SYMMETRIES TO AVOID INTEGRATIONS

Becausecomputation of the �nal stateis extensively used
in evaluation the objective function, we will concentrateon
how to calculate the �na l stateef�cien tly by exploiting sym-
metriesof the system.Without this method,the computation
time in each iteration grows linearly with the number of
integrationstepsalonga trajectory. By exploiting symmetries,
the computation time is reduced to a constant-time operation
(with respectto integration accuracy). In this section, two
methods are presented: one basedon feedback-linearizable
basedynamics, andanother for systemswith af�ne -in-control
basedynamics.Our simulationsin SectionVI indicatethat the
second of thesemethods is by far the mostef�cien t.

Method 1: Feedback-linearizable basedynamics: For a
systemwith feedback-linearizable basedynamics, thereexists
a change of coordinates(z; u) 7! (³ ; v) for systemequation
suchthat thedynamicson the transformedbasearelinear, i.e.,
motion equationcanbe rewritten as:

_g = f g(g; ³ ); _³ = A³ + B v: (5)

Systemswhich can be reduced to this form include many
static- and dynamic-feedback-linearizable systems.The uni-
cycle model (9) and 5-dimensional car model (10), on which
we did simulations,belongto this category. SeeSectionVI-A.

To modify the trajectoryand maintainthe baseat time Ti ,
we employ the linear structureon the baseof thesesystems
(5). Speci�cally, for time interval t i with control signalui , we
could partition it into l subintervals of equal length ±t i = t i

l .
Assumethe control signal uj

i in subinterval j is constant for
j = 1; : : : ; l and the baseof the starting stateof interval t i
is zi ¡ 1. Then we can calculate the baseof the end statezi
of interval t i with a closedform by solving the linear time-
invariant ODEsdescribingthe basedynamics.

zi = A f zi ¡ 1 + B f ud; (6)

where A f = A l
d, B f =

£
A l ¡ 1

d Bd; A l ¡ 2
d Bd; ¢¢¢; Bd

¤
,

Ad = eA± t i , Bd =
R±t i

0 eA (±t i ¡ t ) B dt, and ud =
[(u1

i )T ; ¢¢¢; (ul
i )

T
]T . Therefore, if we choose v from the

kernelspaceof B f in (6), the basestatewill be maintainedat
time Ti and the �na l statewill be calculated ef�cien tly.

Method2: Af�ne-in-control basedynamics: Even though
the above method saves numerical integration in unperturbed
time intervals, the computation is still expensive for the
remainingnumerical integration.Thebasicideaof themethod
introduced in this methodis that, insteadof partitioning time
intervals and choosing v in the kernel spaceof B f in (6),
we insert new trajectory intervals between two pre-existing
intervals.However, to avoid numerical integrationandexploit
symmetriesof thesystem,thereshouldexist a controlsignal ¹u
for the insertedtrajectorysuchthat basewill be kept constant
andthe changeof the �be r could be calculatedin closeform.

Determiningvalues of the control input u that satisfy this
condition is particularlyeasyfor systemswith af�ne -in-control
basedynamics,i.e., systemswhosebasedynamicsis described
by an ODE of the form _z = f z (z) + f u (z)u. Clearly, systems
with feedback-linearizable basedynamics belong to this class.

An example of the systemwith af�ne -in-control basedy-
namics but without feedback-linearizable base dynamics is
a trailer systemused in our simulation. The trailer system
consistsof a car pulling a trailer. The stateof the systemcan
berepresentedusinga local chart,as(x; y; µ1; ¯ ; µ2), in which
x, y, and µ1 are x-, y-coordinates and orientationof the car,
¯ is the steeringangleof the car, andµ2 is the orientationof
the trailer. The input to the systemis (u1; u2), in which u1

is the translationalvelocity along x-axis of the local frameof
thecar, andu2 is the rateof changeof thesteeringangle. The
motion equationsof the trailer systemareas follows:

_x = u1 cos(µ1); _y = u1 sin(µ1);
_µ1 = u1 tan(¯ )=L1; _¯ = u2;
_µ2 = u1 sin(µ1 ¡ µ2)=L2;

(7)

in which L 1 is the length of the car, L 2 the length of the
hitch. By introducing the transformationµd = µ1 ¡ µ2, the
last equation in (7) is changed to _µd = u1 tan(¯ )=L1 ¡
u1 sin(µd)=L2. Then, the �ber coordinatesare (x; y; µ1), and
thebasecoordinatesare(¯ ; µd). Choosingu2 = 0 at statewith
tan(¯ )=L1 ¡ sin(µd)=L2 = 0 will keep the baseconstant. If
a constantu1 is appliedin the insertedinterval, the �be r will
have a constantvelocity which corresponds to a skew matrix
´ 2 R3£ 3 in se(2). Thenthe change of �be r over the inserted
interval of duration±t is in SE(2) andcould be calculatedby
the exponential of ´ ±t without integration.

V. GENERAL ALGORITHM OVERVIEW

Assumethatavector p in Rkp characterizesthecontrol func-
tion u, andis the input to thegap reduction algorithm.Thekp
generally is largeeven whenthecontrol function is discretized
over time.Wede� nethe�nal stateasa functionx f : Rkp ! X
according to (2). Reducing thegap is to searchin Rkp for a p¤

suchthat ½(x f (p¤); xgoal ) · ½(x f (p); xgoal ) for all p 2 Rkp

and the control function u, parameterizedby p¤, is violation-
free. By sayinga control signal u : [0; t f ) ! U is violation-
free, we mean that D(©t

u (x init )) · 0 for all t 2 [0; t f ).
This gap reductionproblem generally is a high-dimensional
nonlinear programwith nonvex constraints.In this paper, this
problemis attacked by solvinga sequenceof low-dimensional
nonlinear programs with nonconvex constraints.In each low-
dimensional nonlinear program, a low-dimensional subspace
of Rkp is searchedto optimize the objective function.

Outline of the algorithm: The gap reduction algorithm
is shown in Fig. 1. The algorithm runs iteratively until
NotTerminated() returns “f alse”, which means that the al-
gorithm has run for either a given number of iterations or
a given period of time. In each iteration, a low-dimensional
subspace S ½ Rkp is �rst chosen. The subspace S combines
with theobjective functionto composea low-dimensionalnon-
linear problem, which is solved to generatea new parameter
vector pn . If the control function, parameterizedby pn , is
not violation-free, pn is discarded; otherwise, the value of
½(x f (pn ); xgoal ) is checked. If thevalue is lessthanthegiven
²c, pn will be reportedasthe �nal solution;otherwise,current
parameter vector p is set to pn .

GapReduction(X ; ½;D; x init ; xgoal ; U; f ; p; ²c)
1 Initialize the algorithm;
2 while NotTerminated()= true
3 S := SubspaceSelection(Rk p );
4 pn := Optimiz e(½(x f (p); xgoal )) ; p 2 S;
5 if Coll ision (pn ) = falsethen
7 if ½(x f (pn ); xgoal ) < ²c then
8 returnpn ;
9 elsep := pn ;
10 return failure.

Fig. 1. The gap-reductionalgorithm.



Selection of subspacefor thenonlinear program: Because
of the combinatorial complexity of possiblechoices of sub-
spacein Rkp , it is impractical to enumerateall choices. An
easyway to selectsearchsubspace is to just randomly choose
kc dimensionsfrom Rkp . To avoid the calculation of high-
dimensional gradient vectors,it is betterto choosesmallerkc.
However, becausetheperturbation of oneparameterwill cause
the �nal stateto move in a spaceof at mostonedimension,kc
shouldbeat leastthedimensionof the�ber space to ensurethe
�nal stateto move in thewhole �ber space.Theproblem with
the randomly chosensubspace S is that theJacobian matrix J
of the objective function with respectto variable elements of
p in S might be ill-conditionedand/orthe currentp might be
a bad starting point for the optimization. In thesecases, the
convergence rate of the optimization process could be very
small, especially when the searchspaceis restricted in the
kernelspaceof B f in (6).

Observingthatmostgradient-basedoptimization techniques
employ the steepestdescent method astheir startingstep,it is
expectedthata nonlinearprogramwith betterconvergence rate
at thestarting point for thesteepestdescent methodmight have
agood chanceto convergefasterusingother optimizationtech-
niques.Therefore,we approximatelycalculatetheconvergence
rate 1

® of the steepestdescent method [27] for the nonlinear
programat the starting point as follows:

®2 = 1 ¡
(
P

i »2
i ¸ 2

i )2

(
P

i »2
i ¸ 3

i )(
P

»2
i ¸ i )

; (8)

in which f ¸ i g areeigenvalues of Jacobian matrix J and f »i g
arecoef�cients of linear decompositionof x f (p) ¡ xgoal with
respectto eigenvectorsof J .

Therefore, we choose a �nite collection C of subspace of
Rkp andcalculate® for eachcorresponding nonlinearprogram.
The subspacewith the smallest ® is used to compose a
nonlinear program. If the cardinality of C is large, a large
amount of time in subspace selectionwill decreasethe overall
performance. If the cardinality of C is small, optimizing the
chosen nonlinear programswith small convergence rate will
also affect the performance. According to our experiences,
when the cardinality of C was in [ kp

10 ; kp

4 ], the performance
was the best.

VI . SIMULATION STUDIES

Weperformedsimulationsbasedon threenonlinearsystems:
a unicycle, a car with dynamics,anda kinematic car pulling a
trailer. The implementation was done in Matlab on a 1.2Ghz
PC running Windows XP. Matlab's nonlinear programming
function, fmincon, was used to solve low-dimensional non-
linear programs.Only the relative timesare important in Fig.
3; we expectthattherunningtimeswould beoneor two orders
of magnitude fasterif implemented in C++ on a currentPC
under Linux.

A. Models

Theunicycle: A coordinate representation of the stateis
(x; y; µ; vx ; vy ; ! ), in which x 2 [0; 100], y 2 [0; 100], and
µ 2 [¡ ¼; ¼] representpositionandorientationof the unicycle;
! 2 [¡ 3; 3] is the angular velocity, and vx 2 [¡ 15; 15] and
vy = 0 aretranslationalvelocity alongthex- andy-axisof the
local frame.The local frameis �x ed on the systemmoving in
a 2D planewith x-axis alongthe forward directionandy-axis
along the direction perpendicular to the forward direction in
the plane.The input vector is (u1; u2), in which u1 2 [¡ 1; 1]

is the rate of change of vx , and u2 2 [¡ 4; 4] is the rate of
change of ! . The motion equations are

_x = vx cos(µ); _y = vx sin(µ);
_µ = ! ; _vx = u2;
_! = u1:

(9)

Car with dynamics: The statevector, in coordinates,is
(vy ; ! ; x; y; µ), in which x 2 [0; 800], y 2 [¡ 800; ¡ 450], and
µ 2 [¡ ¼; ¼] represent position and orientation;! 2 [¡ 10; 10]
is theangularvelocity, vy 2 [¡ 10; 10]aretranslationalvelocity
alongthey-axisof thelocal frame�x ed onthecar. Theinput to
thesystemis thesteeringangle, u 2 [¡ 0:6; 0:6]. Theequations
of motion are

_vy = ¡ vx ! + (f yf (u) + f yr (u))=M
_! = (f yf a ¡ f yr b)=I
_x = vx cos(µ) ¡ vy sin(µ)
_y = vx sin(µ) + vy cos(µ)
_µ = ! ;

(10)

in which vx = 88 is constant translationalvelocity along x-
axis of the local frame, M and I are the massand inertia,
andf yf (u) andf yr (u) arelinear functions of u andrepresent
forces acting on front and rear tires along the y-axis of the
local frame.

Thetrailer system:The equationsof motion aregiven in
(7). The statespacebounds are: x 2 [0; 400], y 2 [0; 400],
µ1 2 [¡ ¼; ¼], ¯ 2 [¡ 0:6; 0:6], andµ2 2 [¡ ¼; ¼] . The bounds
on inputs are u1 2 [0; 2:0] and u2 2 [¡ 0:24; 0:24]. Note, we
intentionally set u1, the forward speed, to be nonnegative so
that the systemis not STLC, and the gap cannot be reduced
by trivially moving along the directionof Lie bracket.

B. Results
Threemethods were compared,which included a classical

gradient descent, Method 1, and Method 2. The classical
methoddoes not usesymmetriesof the systemandcalculates
the �na l stateby numerically integrating the control function.
All three methods used the randomized subspaceselection
algorithm from SectionV with kc be 6 and the cardinality
of C be 10. Ten trials were done to the sameproblem for
eachalgorithm; eachtrial consists of 20 iterationsof subspace
selection,and corresponding nonlinear programoptimization.
The average �nal value of objective functions and overall
running time over ten trials were reported.When applying
Method 2 on the trailer system,insteadof insertingintervals
after stateswith tan(¯ )=L1 ¡ sin(µd)=L2 = 0 to maintain
the base,we insertedintervals after stateswith tan(¯ )=L1 ¡
sin(µd)=L2 < 0:4. After a new control function is returned
from the gap reductionalgorithm, we calculated �na l states
of the new control function using symmetriesand numerical
integration, respectively. Theonly differencebetweentwo �nal
stateswasat theorientationof thetrailer, µ2, andthemaximum
differencewas0:082.

The objective function used to measure gap error be-
tween the �nal state and the goal state is ½(x f ; xgoal ) =

nX

i =1

wi jx f ; xgoal j2i , in whichwi is aweight for each dimension,

andj¢; ¢ji calculatesthedistancebetween thei th element of x f
and xgoal consideringtopology. Weightsare usedfor giving
greaterimportance to state variables that may have smaller
ranges. In our implementation, if the i th elementof the state
corresponds to the orientationof the system,wi = 10 and
jx; yj i = min(jx i ¡ yi j; jx i ¡ yi j ¡ ¼); otherwise,wi = 1 and



jx; yj i = jx i ¡ yi j, in which x; y 2 Rn , x i and yi are i th

element of x andy, and j ¢j returnsthe absolutevalue.
A piecewise constant control function for each motion

planning problem,shown in Fig. 2, was calculated using the
resolution-completeRRT algorithm[6]. Thedurationof initial
control functionsfrom theplanner for each problemis 13, 9:2,
and130seconds,respectively. Theoriginal gaps between �nal
statesandgoal statesaresmallin thesensethattheinitial value
of objective functionsis lessthan5. We alsochangedthegoal
stateto generateproblemswith large gaps, i.e., problemswith
the initial valueof objective functionslarger than5. In fact, to
make the problemmoredif�cu lt, the initial valueof objective
functionsfor large gaps in Fig. 2 is much larger than5.

All threemethodswereappliedon eachproblemwith both
small and large gap. Samplesolutionsfor eachproblem ob-
tainedusingMethod2 areshown in Fig. 2. From simulations,
we observed thatall threemethods couldclosesmallgaps and
their performance is compared in Fig. 3. For problemswith
large gaps, becauseonly Method 2 works, we provided its
resultsseparatelyto avoid excessive emptyentriesin Fig. 3.

Comparisonof performanceonproblemswith smallgaps:
Resultsof simulationsis shown in Fig. 3, in which thenumbers
1, 2 and3, denote problemsthat involve theunicycle, carwith
dynamics,andthe trailer system,respectively; “ini. val.” is the
initial valueof objective functions; “av. f.v.” is theaverage �nal
value of objective functions; “T” is the overall running time.
The dataof Method 1 for the trailer systemis not available
(N/A) becausethe systemis not feedback-linearizable.

From the table, note that the performance of Method 1
and the classicalmethodis comparable becauseeven though
Method 1 hassmallerrunning time, its average�nal value is
bigger thanthe latter method. There aretwo reasons.The �rst
reasonis that the initial control functionsfor problem 1 and2
only last for 9:2 and13 seconds,respectively. BecauseMethod
1 perturbsthe control function in the kernel spaceof B f in
(6), it sustainsmore constraintsand a harder optimization
problem which might need to solve more low-dimensional
nonlinearprograms.If thecontrol functionis shortandthecost
of numerical integration from x init is not big, computational
saving from thenumerical integrationmight not cover thecost
to solve more nonlinear programs.The second reasonis that
the input spaceof thesetwo problemsis small, [¡ 0:6; 0:6] and
[¡ 1; 1] £ [¡ 4; 4], respectively, which leadsto an even harder
optimization. We redesigned the problem with the unicycle
model. Theinput spacewasincreasedto [¡ 10; 10]£ [¡ 40; 40],
andthelengthof theoriginalcontrol sequencewasincreasedto
39 seconds.Tentrials weredoneusingeach method. Usingthe
classicalmethod, the overall running time is 17128seconds.
Using Method 1, the overall running time is 2633 seconds,
which is signi�cantly improved. Using Method 2, the overall
running time is 187 seconds, which is dramaticallysuperior.

Problems with large gaps: Because only Method 2
worked for problemswith large gaps, only resultsfor Method
2 arepresented.

For the problemwith the unicycle, x init is (0:5; 54; 0; 0; 0),
xgoal is (50; 54; ¡ 0:5; 7; 0:4), and the initial �nal statex f is
(49:9; 60; ¡ 0:8; 7; 0:4). Of ten trials, theaverage�na l value of
the objective function is 0:021, and the overall running time
is 73:4 seconds. For the problemwith the car with dynamics,
x init is (0; 0; 5; ¡ 540; 0), xgoal is (7; 0:2; 715; ¡ 650; 0), and
the initial x f is (7; 0:2; 639; ¡ 649; ¡ 0:25). Of ten trials, the
average �nal value is 0:023, and the overall running time is
120:47 seconds. For the problemwith the trailer system,x init
is (71; 56; ¼; 0; ¼), xgoal is (80; 40; 0; 0:04; 0), and the initial
x f is (64; 18; ¡ 0:35; 0:04; ¡ 0:4). Of ten trials, the average
�nal value is 0:0094, and the overall running time is 163:75
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1. Problem with the unicycle.
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2. Problemwith the 5-dimensional car.
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Fig. 2. Gap reductionfor problemswith threedifferent models,in which
solutions returned from a motion planner are shown as continuouslines;
dashedlines show solutionsafter closing the large gaps; dotted lines show
solutionsafter closing the small gaps,and thick segmentsalong dashedand
dottedlines are insertedtrajectoryintervals by the gap reductionalgorithm.



Classical Method1 Method2
Ini. (w/o symm.)
val. av. T av. T av. T

f.v. (s) f.v. (s) f.v. (s)
1 2.6 0.040 3146 0.48 1654 0.013 39
2 3.9 0.062 9689 0.45 9191 0.043 97
3 4.9 0.21 65610 N/A N/A 0.051 142

Fig. 3. Comparisonof performancefor a classical approach,andtwo methods
that exploit symmetries.Method2 yields the bestperformanceby far.

seconds.

VI I . CONCLUSIONS

Basedon our experiments,we concludethatour symmetry-
basedmethods are highly successful at reducing precision
errors in computed trajectories.The methods apply to base
dynamics that are feedback linearizableor af�ne in control,
which includesmany interestingsystemsthatarisein robotics.
With an optimized implementation, we expect the running
times to be fast enough to enable many interestingimprove-
ments of existing nonholonomic and kinodynamic planning
techniques.For example,coarserquantizationsmay be used,
pathsfrom multiple searchtreescanbe combined, andentire
searchtreesmay be recycled by applying group actions. In
future work, we hope to combine the methods developed here
with planning algorithmsin applications suchasroboticsand
computer-generated animation.

VI I I . ACKNOWLEDGMENTS

This work was funded in part by the following grants:
NSF CAREER 9875304 (LaValle), NSF 0208891 (Frazzoli
andLaValle), andNSF 0118146 (Bullo andLaValle).

IX. REFERENCES

[1] N. M. Amato, O. B. Bayazit, L. K. Dale, C. Jones, and
D. Vallejo. OBPRM: An obstacle-basedPRM for 3D
workspaces. In Proceedingsof the Workshopon Algorithmic
Foundationsof Robotics, pages155–168,1998.

[2] N. M. Amato and Y. Wu. A randomizedroadmapmethodfor
path and manipulationplanning. In IEEE Int. Conf. Robot.&
Autom., pages113–120,1996.

[3] J.BarraquandandJ.-C.Latombe.Nonholonomicmultibodymo-
bile robots:Controllability andmotionplanningin thepresence
of obstacles.Algorithmica, 10:121–155, 1993.

[4] V. Boor, N. H. Overmars,and A. F. van der Stappen. The
gaussiansamplingstrategy for probabilistic roadmapplanners.
In IEEE Int. Conf. Robot.& Autom., pages1018–1023, 1999.

[5] F. Bullo andK. M. Lynch. Kinematiccontrollability for decou-
pled trajectoryplanning in underactuated mechanical systems.
IEEE Trans.Robot.& Autom., 17(4):402–412,2001.

[6] P. Cheng and S. M. LaValle. Resolutioncomplete rapidly-
exploring randomtrees. In Proc. IEEE Int'l Conf. on Robotics
and Automation, pages267–272,2002.

[7] B. Donald and P. Xavier. Provably good approximationalgo-
rithms for optimal kinodynamicplanning for cartesianrobots
and open chain manipulators. Algorithmica, 14(6):480–530,
1995.

[8] B. Donald and P. Xavier. Provably good approximationalgo-
rithms for optimal kinodynamicplanning:Robotswith decou-
pled dynamicsbounds.Algorithmica, 14(6):443–479,1995.

[9] B. R. Donald,P. G. Xavier, J. Canny, andJ. Reif. Kinodynamic
planning. Journal of the ACM, 40:1048–66,November 1993.

[10] E. Frazzoli. Robust Hybrid Control for AutonomousVehicle
Motion Planning. Department of AeronauticsandAstronautics,
MassachusettsInstitute of Technology, Cambridge,MA, June
2001.

[11] E. Frazzoli, M. A. Dahleh, and E. Feron. Maneuver-based
motion planningfor nonlinearsystemswith symmetries.2003.

[12] C. Holleman and L. E. Kavraki. A framework for using the
workspacemedial axis in PRM planners. In IEEE Int. Conf.
Robot.& Autom., pages1408–1413,2000.

[13] R. Kindel, D. Hsu, J.-C. Latombe,and S. Rock. Kinodynamic
motion planningamidstmoving obstacles.In IEEE Int. Conf.
Robot.& Autom., 2000.

[14] S. Kobayashiand K. Nomizu. Foundationsof Differential
Geometry. Vol. I, volume15 of InterscienceTracts in Pure and
Applied Mathematics. IntersciencePublishers,New York, NY,
1963.

[15] F. Lamiraux,D. Bonnafous,andC. Van Geem.Path optimiza-
tion for nonholonomicsystems:Application to reactive obstacle
avoidance and path planning. In IEEE Int. Conf. Robot. &
Autom., pages3099–3104,2002.

[16] S. M. LaValle. Rapidly-exploring randomtrees:A new tool for
pathplanning. TR 98-11,ComputerScienceDept., Iowa State
University, Oct. 1998.

[17] S. M. LaValle and P. Konkimalla. Algorithms for computing
numerical optimal feedbackmotion strategies. International
Journal of RoboticsResearch, 20(9):729–752,September 2001.

[18] S. M. LaValle and J. J. Kuffner. Randomizedkinodynamic
planning.In Proc.IEEEInt'l Conf. onRoboticsandAutomation,
pages473–479,1999.

[19] P. Leven and S. Hutchinson. Real-time motion planning in
changingenvironments. In Proc. International Symposiumon
RoboticsResearch, 2000.

[20] K. M. Lynch and M. T. Mason. Stablepushing:Mechanics,
controllability, andplanning.Int. J. Robot.Res., 15(6):533–556,
1996.

[21] A. Marigo and A. Bicchi. Steering driftless nonholonomic
systemsby control quanta.In IEEE Conf. Decision& Control,
1998.

[22] A. Marigo, B. Piccoli, andA. Bicchi. Reachabilityanalysisfor
a classof quantizedcontrol systems.In Proc. IEEE Conf. on
Decisionand Control, 2000.

[23] S. Pancanti,L. Leonardi,L. Pallottino, andA. Bicchi. Optimal
controlof quantizedinput systems.In C. Tomlin andM. Green-
street, editors, Hybrid Systems:Computationand Control V,
LectureNotesin ComputerScience.Springer, 2002.

[24] C. Pisula, K. Hoff, M. Lin, and D. Manoch. Randomized
path planning for a rigid body basedon hardware accelerated
Voronoi sampling. In Proc. Workshopon Algorithmic Founda-
tion of Robotics, 2000.

[25] J. Reif and H. Wang. Non-uniform discretizationapproxi-
mationsfor kinodynamicmotion planning. In J.-P. Laumond
and M. Overmars,editors,Algorithmsfor RoboticMotion and
Manipulation, pages97–112.A K Peters,Wellesley, MA, 1997.

[26] S. Sekhavat, P. Svestka,J.-P. Laumond,and M. H. Overmars.
Multilevel path planningfor nonholonomicrobotsusing semi-
holonomicsubsystems.Int. J. Robot.Res., 17:840–857,1998.

[27] J. R. Shewchuk. An introduction to the conjugate gra-
dient method without the agonizing pain. Available from
”http://www-2.cs.cmu.edu/jrs/jrspapers.html”,1994.

[28] T. Simeon,J.-P. Laumond.,and C. Nissoux. Visibility based
probabilisticroadmapsfor motionplanning.AdvancedRobotics
Journal, 14(6), 2000.

[29] P. Svestkaand M. H. Overmars.Coordinatedmotion planning
for multiple car-like robots using probabilistic roadmaps. In
IEEE Int. Conf. Robot.& Autom., pages1631–1636,1995.

[30] S. A. Wilmarth, N. M. Amato, and P. F. Stiller. MAPRM: A
probabilisticroadmapplannerwith samplingon themedialaxis
of the free space. In IEEE Int. Conf. Robot.& Autom., pages
1024–1031,1999.


