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Abstract— We addressthe problem of eliminating gapsin paths
that are constructed by some nonholonomic and kinodynamic
motion planning algorithms. In many of thesealgorithms, control
inputs at each planning step are chosen from a nite set,
obtained from discretization of the available control set. While
this approach is attractive for computational reasons,it can
generate gaps, or discontinuities, either between path segments
or betweenthe nal state and the desired goal. For the purpose
of reducing gaps, the original control set and continuous time
interval can be utilized, and perturbations may be applied to
incrementally optimize the gap error while respecting collision
constraints. By exploiting Lie group symmetries, which emerge
in a broad class of robot systems we are able to avoid costly
numerical integrations that usually occur in eachstepof gradient-
based optimization techniques. It is hoped that the approach
can ultimately lead to faster planning algorithms by allowing
coarser discretizations of time and the available input set, with
the understanding that later re nements can be made ef ciently .

I. INTRODUCTION

A fundamentalroboticsproblemis the autanatic construc-
tion of control laws that lead to collision-free paths that
satisfy kinemaic and possibly dynanic equdions of motion.
Technques that apgdy to the largest classof problemsusu-
ally require discretizationand numeical apgoximationto a
continwus-time and cortinuous-inpa system. For example
in [3], [8], [7], [9], [17], [20], [25], numerich dynamic
programning yields appgoximately-ogimal solutions. Other
recent appoache, suchas[21], [10], [23], [5], [11], construct
trajectorieghroughthe sequetial combindion of several“mo-
tion primitives” from a nite library, chasenthrouch a process
of quartization of feasiblecontrol histories.Other sampling-
basedtechriques have also been propcsed, particularly for
solving high dimensioml probdems [13], [16], [18]. Besides
our work, otherrecert interestin optimizing computed paths
for norholonamic systemsincludes [15].

Most of the existing method thatapplyto geneal nonlinear
systemseither: 1) incremetally build a searchgraphfrom the
initial statetowardthe goalstate,or 2) incrementally build two
trees,onefrom theinitial stateandanotrer from the goalstate,
with hopes that the two treeswill eventudly med. Although
method basedon discretizationand numerical computation
oftenapplyto broadclasse®of problems,a conmon limitation
is the occurencesof gaps in the solution. For example, an
effect of the quartization of available cortrol inputs is that
the systemis not small-timelocdly cortrollable (STLC): the
reaclable setsunde suchcortrol laws have in several cases
the structureof a lattice, thus preventing the exact matchirg
of the nal point of the trajectory with an arbitrary goal, in
a nite numbe of steps.(In casesin which the reaclable

setis everywhee dense[22], or even continuas [10], it is
possiblein principle to add a sequace of controlsto move
the nal point arbitrarily close to the end goal, but this is
doneat the expenseof the ef cie ncy of thetrajectory) Single-
tree approache usually will not acheve an exact goal state,
and the quality of the solution strongly depends on the level
of quantization that was used in the algorithm. Dud-tree,
bidirectiond appoache can precisely attain the initial and
goal states;however, thereis usually a gap in the middle of
the solutionwherethe two treesmeet.

One is often faced with the tradeof of selecting more-
expensve appoximationsof the original system,either of its
statespace or of the setof cortrol inputs, for the purposeof
redudng this error. If efcient methodscan be developed to
dramaticdly redue this error, thenthe solutionqudity would
be greatlyimproved. This is espeally true for trajectoriesfor
which a gap appersin the middle, sincetrajectoryintegration
from an erroneais starting point could dramdically alter the
nal state Furthermoretheefcie ncy of numericd appro@hes
to trajectorydesignandnontolonamic planring canbe greatly
improved by attemptingto solve problemsat a very coarse
level of resolutionwith the understandingthat substantiake-
nementto reducegaps canbe applied Ef cie nt gap redudion
technquescanalsobe usedto enalbe multiple-qLery roadmap
methods, suchasthosein the probabilistic roadnap framewvork
[1], [2], [4], [12], [19], [24], [28], [30], to be adaped to
problemsthat involve differential constraints Although some
such methals alreadyexist [26], [29], they typicdly require
a steeringsolution to avoid the gaps that would arise when
conrectionsare attempte between states.If a gap-redudion
techrique is ef cient enowgh, it could enalbe the apdicability
of this framework to a muchbroackr classof systems.

Il. PROBLEM FORMULATION

The focus in this pape is on a subproblemthat typically
arisesin kinodynamic and nonlolonamic planring. First, we
formulatethe geneal motion plannirg problem and thenwe
formally statethe subprollem of interestin this pape, i.e., the
improvementof the precisionof the motion planring solution.

The planning problem: The plannirg problem is ex-
pressedisaseven-tuple,(X; %2D; Xinit ; Xgoal ; U; ), in which:
X is a differentiable manifold of dimersion n; %2: X £
X 1 [0;1) isametricon X; D : X ! R represets
collision corstraintson X by requiringthatthe state x, satisf
D(x) - O; xinit is aninitial state;xgoea iS a desiredgoal state;
U %2 R™ representsa compact setof inputs or controls;f is
a smoothmappirg from X £ U to the tangent bundle T X
that enmdesthe systemdynamics as a set of time-invariant
Ordinary Differential Equdions (ODES),

x = f(x(t);u(t)); 1)



in which x(t) 2 X, u(t) 2 U, andt 2 [0;1 ).

Letu:[0;t;) ! U derote a piecewise cortinuous, open-
loop control law, state,x(t), coud be obtainedvia integration
of (1) for somegiven x(0) andt 2 [0;t;). Let© : X I X
dende a mappingthat takes a startng state,x(tp), to a state
X(to + t), after the apgication of u for durationt (note that
the time agument to u will be shifted by j to becaise the
doman of u is [0;t¢)). The choice of ty is arbitrary due to
time invariarce of (1), and thereforeit is not representedn
the notation®,.

The plannirg problen is to nd someu (andassociated; )
suchthat Xgoa = ©4 (Xint ) and D(®},(Xinit )) - O for all
t 2 [0;ts). In practice however, quantization is performed
in most planring algorithms, which leads to appgoximate
goal satis‘action,l/(©tuf (Xinit ); Xgoal) < 2, for somespeci ed
precision? > 0. Suchagap canappaer, for instanceattheend
of the trajectoryusingthe Dijkstra algorithmof [3], or even in
the middle of the trajectorywhentrying to comecttwo trees
in the bidirectioral Rapidly-exploring Rardom Trees (RRT)
apprach[18]. In this paperwe only formulatethe problemof
redudng thegap attheendof atrajectory;however, only minor
notatioral adjustmets are necessaryto apply the techniques
to reducinggaps in the middle of a trajectory

In most casesthe running time of the planring algorithm
will increase dramatically as 2 is decreaed. Therefore, it
is useful to solve the subproblen of taking a computed u,
and perturbingit into a new control function that achieves
improved accuacy by redudng the gap between (o (Xinit )
andxgoal - By this appro@h, a plaming algorithmcangeneate
a solution quickly for a large 2 tolerane, and then improve
theaccuag in a secom stagewhich is the maintopic of this
pape.

Closing Gaps to Improve Precision: Assumehere that
a control function u has been computed as an appoximate
solutionto the above plaming probdem. The taskis to perturb
u into a control function v : [0;t?) ! U, suchthat

{0
YO\ (Xinit )i Xgoal) ¢ 1/£©Lf (Xinit );Xgoal );

while ensuringthat D(©}(xinit )) - O for all t 2 [0;t?).
This optimization of 2 will occu as a sequene of small
perturbatios that incremetally transform u into v while
prtoeservingall corstraints. Ideally, we would like to obtain

©f,‘ (Xinit ) = Xgoal, but this will not usually be possible
dueto numeric4 corsiderationsandlimitations of a particular
homdopy class(our method will not be allowed to change
pathclasses).

Perturbatios to u will be gererally achiesed by rst
partitioning the domain of u into k small segmerns, and
then reparamterizing ead sggment to start at time 0 while
preservingts length.Choosek positive realvalues,ty, to, :::,

a function u; : [0;t;) !
u(ty + ¢¢c+ t;. ; + t). Dueto time-invarian®, the samestate

U is constructedso that u;(t) =

will be reacha whethe u is appliedor ug, :::, ux areapgied
in successioras follows:
W (Xinit ) = O 000+ 02, 2O (Xint ): )

Suppose that a small perturbdion is madeto someu;. To
determinethe resulting nal state,numerical integration must
ordinarily be carriedout usingu; for allj suchthati - j - k.

Numericd optimizaion algorithmsrequirethefrequer eval-
uation of the distancefunction %2with respectto variousnew
control functions. Direct apgication of standardoptimizaion
techriqueswill leadto excessve compuational requiremets

in all but the mosttrivial casege.g.linear or low-dimensioml
systems).

Our optimizaion method perform perturbatios that avoid
the costly numeical integratiors by exploiting fundamental
geonetric symmetry properties of the systemsof interest
in robotic motion planring. The group actiors are used to
quicKy transformthe latter portionsof a charged trajectory
which avoids integratiors and leadsto dramdic performance
improvements.

I1l. SYMMETRIES OF ROBOT SYSTEMS

The main idea belind the algorithm we propcse is the
exploitation of the symmetriesn the systemdynamics. In this
sectionwe de ne and illustrate symmetries,i.e., invariance
propertiesof mechaical systemsand someof their apgica-
tions to motion planning

For the sale of simplicity, we assumehat the statecan be
partitioned,at leastlocally, into the Cartesianprodud of two
manifoldsX = G£ Z, whereG is a Lie group with identity
elemen e. For simplicity of exposition, we will assumethat
Z = R"z, n, < n. Accordingly, we write the gereric point
X 2 X asthepair (g; z) 2 GE Z. Following corventionsfrom
differential geametry, Z is the basespace G is the ber, and
their prodwct X is a principd ber bundle see[14].

Let the left action derntedas® : GE X | X, of G
onto X be denedas (h;x) 7! 2 ,(x) = (hg;z) in which
h 2 Gx 2 X. We call G asymmetrygroup for the system
(2) if its dynamicsareinvariant with respecto the left action.
Invariane is equivalentto the following statementGiven ary
trajectoryt 7! (x(t);u(t)) 2 X £ U which is a solution to
equdion (1), the trajectoryt 7! (2 n(x(t));u(t)) is also a
solutionto equdion (1) for all h 2 G.

It canbe veri ed thatinvarian@ implies that group actions
commue with state transitions. If x; = ©f} (Xinit ), then
8, (xr) = O @ n(Xint ), i.€.,2 h +OF = ©F 2. This
leadsto the key stepin our proposedprocedure. When we
modify the input signalu; of durationt; to u? of durationt?,
we will requirethatfor someh; in G, the correspoding state
transition,at the i-th step,canbe demmposedas follows:

@&0 =2y +0}: ()
Enforcing the above equality is equvalert to requiring that
the perturbaéion does not chang the starting and ending
condtion, in ead timeinterval, of the basevariablez. In other
words, if x(t) = (g(t); z(t)) is the nomind trajectory and
Xp(t) = (gp(t); Zp(t)) is the pgturbedtrajectory we require
thanz(Ti) = zp(Ti) with T =~ [ t;, fori = 1:::k.

If the perturbed state transition can be decanposed as
an action of the symmetry group on the unperturbed state
transition,thenthe perturbednal statex? , givenachangein
thecortrol signalduringthei-th interval only, canbeexpressed
as

x) = Ol +eeet ©L‘Oio + ¢¢¢x O (Xinit )

Off, £0666£2 p, O £ 006+, (Xini )
a h i@hkk + CCC+ ©L'i + CCC+ ©L11 (Xinit )
&y (X£):

Thus,we needto compute only the new statetransitionduring
interval i to determinethe nev nal position.

Intuitively, the fact that the perturbed state transition at
the i-th step differs from the original state transition by an
action of the symmetrygroup means that the remainingpart
of the trajectory can be “translated rigidly without needfor
re-compuiation.

(4)



IV. USING SYMMETRIES TO AVOID INTEGRATIONS

Because computation of the nal stateis extensiely used
in evaluation the objective function, we will conentrateon
how to calculde the nal stateefciently by exploiting sym-
metriesof the system.Without this method,the computation
time in ead iteration grows linearly with the number of
integration stepsalonga trajectory By exploiting symmetries,
the compuation time is redued to a constat-time opeaation
(with respectto integration accuacy). In this section, two
method are presented one basedon feedba&k-linearizatte
basedynamics, and anotrer for systemswith af ne -in-control
basedynamics.Our simulationsin SectionVI indicatethatthe
secoml of thesemethals is by far the mostefcient.

Method 1: Feedtadk-linearizable basedynamics: For a
systemwith feedba&k-linearizdle basedynanics, thereexists
a change of coadinates(z;u) 7! (3;v) for systemequdion
suchthatthe dynamics on the transformedbasearelinear, i.e.,
motion equationcan be rewritten as:

a = fg(g3), ¥ = A*+Bwv (5)

Systemswhich can be reducel to this form include mary
static- and dynamic-feedlack-lineaizable systems.The uni-
cycle modé (9) and 5-dimensionkcar model (10), on which
we did simulations belongto this category. SeeSectionVI-A.
To modify the trajectoryand maintainthe baseat time T;,
we employ the linear structureon the baseof thesesystems
(5). Speci cally, for time interval t; with cortrol signalu;, we
could partition it into | subinteras of equa length #t; = ‘l—

Assumethe cortrol signalu! in subintera j is constan for
i = L;:::;1 andthe baseof the starting state of interval t;
is zj; 1. Thenwe can calailate the baseof the end statez
of intenal t; with a closedform by solving the linear time-
invariart ODEs describingthe basedynamics.

zi = At zi; 1+ Biug; (6)

£ ) a
where Ay = Ay, By & AJ 'Bg;A{ °Ba;00¢; By,
Ag Ml By = Oﬂ‘ A UBdt, and ug =

[(u})"; ¢ee; (u})T]T. Therefore if we choose v from the
kernelspaceof B; in (6), the basestatewill be maintainedat
time T; andthe nal statewill be calculded efciently.
Method?2: Af ne-in-control basedynamics: Even thoudgh
the abore metha saves numeical integrationin unperturbed
time intervals, the computation is still expensve for the
remainingnumericé integration. The basicideaof the methal
introducel in this methodis that, insteadof partitioningtime
intervals and choasing v in the kernd spaceof B; in (6),
we insert new trajectory intenvals betwea two pre-«isting
intervals. However, to avoid numerical integration and exploit
symmetrief the system thereshouldexist a control signalé
for the insertedtrajectorysuchthat basewill be kept constant
andthe change of the ber could be calaulatedin closeform.
Determiningvalues of the control input u that satisfy this
condtion is particularlyeasyfor systemswith af ne -in-control
basedynanics,i.e., systemavhosebasedynamicsis describel
by an ODE of theform z = f,(z) + f,(z)u. Clearly systems
with feedba&k-linearizdle basedynamics belang to this class.
An example of the systemwith af ne-in-control basedy-
namics but without feedbak-linearizdle base dynanics is
a trailer systemusedin our simulation. The trailer system
consistsof a car pulling a trailer. The stateof the systemcan
berepresentedsingalocd chart,as(x;y; bi; ; k), in which
X, Yy, and . arex-, y-coordindes and orientationof the car,
" is the steeringangleof the car, and |, is the orientationof
the trailer. The input to the systemis (uy; uy), in which u;

is the translationalvelocity along x-axis of the local frame of
the car, andu; is the rate of change of the steeringande. The
motion equationsof the trailer systemare asfollows:

X = upcos(h); Yy = upsin(i);
B = uptan( )=Lq; — = Uy (7
B = upsin(ii pe)=Lo;

in which L; is the length of the car, L, the lengh of the
hitch. By introdudng the transformationpyy = W j K, the
last equdion in (7) is changd to Y = ujtan(")=L; j
u; sin(y)=L,. Then the ber coordnatesare (X;y; p41), and
thebasecoadinatesare(” ; l4). Chomsingu, = 0 at statewith
tan(")=Lyj sin(ug)=L> = 0 will keep the baseconstan If
a constantu; is appliedin the insertedinterval, the ber will
have a corstantvelocity which correspond to a skew matrix
"~ 2 R%3 in sg2). Thenthe charge of ber over the inserted
interval of duration#t is in SE (2) andcould be calcuatedby
the exponenial of ~ #t without integration.

V. GENERAL ALGORITHM OVERVIEW

Assumethatavedor p in R charaterizesthecortrol func-
tion u, andis the input to the gap redudion algorithm.Thek,
geneally is large even whenthe cortrol functionis discretized
over time.Wede nethe nal stateasafunctionx; : Rke 1 X
accading to (2). Redudng the gapis to searchin R¥» for ap®
suchthat %X (p%); Xgoal) © ¥&Xt (P); Xgoar) fOr all p 2 R¥
andthe cortrol function u, paraneterizedby p°, is violation-
free. By sayinga control signalu : [0;t;) ! U is violation-
free, we meanthat D(©},(Xinit )) - O for all t 2 [O;tf).
This gap reductionproblem geneally is a high-dmensional
nonlinear programwith norvex constraintsln this pager, this
problemis attacled by solving a sequene of low-dimensioml
nonlinear prograns with noncorvex corstraints.In eat low-
dimensioml nonlinear prog-am, a low-dimersional subspace
of R¥» is searchedo optimize the objedive function

Outline of the algorithm: The gap redudion algorithm
is shavn in Fig. 1. The algorithm runs iteratively until
NotTerminated() returns“false”, which mears that the al-
gorithm has run for either a given number of iterations or
a given period of time. In ead iteration, a low-dimensiorml
subspae S % R*» is rst chosen The subspae S comtines
with the objedive functionto compeea low-dimersionalnon-
linear prodem, which is solved to gereratea new paraneter
vedor p,. If the control function, paraneterizedby p,, is
not violation-free, p, is discarded otherwise,the value of
YXt (Pn); Xgoal ) IS cheked. If the value is lessthanthe given
2., pn Will bereportedasthe nal solution;otherwise current
paraméer vedor p is setto p,.

GapReductionX ; ¥%2D; Xinit ; Xgoal ; U; F; p;2c)
Initialize the algorithm;

2 while NotTerminated()= true

3 S := SubspaceSlection (R*?);

4 Pn = Optimiz e(¥xr (P); Xgoal ));P 2 S;
5 if Collision (pn) = falsethen
7

8

9

1

[EnY

if %Xt (Pn); Xgoal ) < 2¢ then
returnpn ;
elsep := pn;
0 return failure.

Fig. 1. The gap-reductionalgorithm.



Seletion of subspae for thenonlinear program: Becatse
of the comhknatorial comgexity of possiblechoices of sub-
spacein R¥», it is impractica to enunerateall choices. An
easyway to selectsearchsubspae is to just randanly chocse
k. dimensionsfrom Rkr. To avoid the calculdion of high-
dimensioml gradien vectors, it is betterto chcosesmallerk..
However, beausethe perturbdion of oneparaneterwill calse
the nal stateto move in a spaceof at mostonedimersion, k.
shouldbe at leastthedimersionof the ber spa@to ensurethe
nal stateto move in thewhole ber spaceThe problan with
therandanly chosensubspae S is thatthe Jacolian matrix J
of the objectve function with respectto variale elemets of
p in S might be ill-conditioned and/orthe currentp might be
a bad starting point for the optimization. In thesecase, the
cornvergerce rate of the optimization process coud be very
small, especily when the searchspaceis restricted in the
kernelspaceof B in (6).

Observingthat mostgradient-basedptimizaion techniques
emplg the steepestiescat methal astheir startingstep,it is
expectedthata nonlinear programwith bettercorvergene rate
atthe starting point for the steepestlescat methodmight have
agoad charceto convergefasterusingothe optimizationtech-
niques. Therefore we approxmately calaulatethe corvergence
rate % of the steepestescat methal [27] for the noninear
programat the startng point asfollows:

P ( i»|2=!:j2)2 :
C 90 »0)

in which f ;g are eigewalues of Jacolian matrix J andf»g
arecod cients of linear decanpositionof X; (p) i Xgoa With
respectto eigervectorsof J.

Therefae, we choosea nite collection C of subspae of
R* andcalcuate® for eachcorresponihg nonlinear program.
The subspacewith the smallest® is used to compce a
nonlinear program.If the cardirality of C is large, a large
amount of time in subspae selectionwill deaeasethe overall
performane. If the cardindity of C is small, optimizing the
chosa nonlinear programswith small corvergerce rate will
also affect the performare. According to our experience,
when the cardindity of C was in [';—g; kTp], the performane
wasthe best.

® = 1j

(8)

VI. SIMULATION STUDIES

We performedsimulationshasedon threenonlinear systems:

a unicycle, a carwith dynamics,anda kinematic car pulling a
trailer. The implementéion was dore in Matlab on a 1.2Gle
PC running Windows XP. Matlab's norlinear programmirg
function, fmincon, was usedto solve low-dimensional non-
linear programs.Only the relative times are importart in Fig.
3; we expectthattherunningtimeswould be oneor two orders
of magnitue fasterif implementedin C++ on a currentPC
unde Linux.

A. Models

Theunicyde: A coordinde represetation of the stateis
(X; ¥ 5 Vs vy; 1), inwhich x 2 [0;100] y 2 [0;100] and
M2 [i ¥4Y) represenpositionandorientationof the unicycle;
I 2 [j 3;3] is the angular veloaty, and vy 2 [j 15;15] and
vy = 0 aretranslationalelocity alongthe x- andy-axis of the
local frame. The local frameis x ed on the systemmaving in
a 2D planewith x-axis alongthe forward directionandy-axis
along the direction perpendicuar to the forward direction in
the plane.The input vedor is (us; uz), in whichu; 2 [j 1;1]

is the rate of change of vy, andu, 2 [j 4;4] is the rate of
charge of ! . The motion equdions are

X Vx COYH); Y
k=1
= U

Vx sin(p);
uz;

©)

\12( =

Car with dynamics: The statevedor, in coadinates,is
(vy; 5%y, W), in whichx 2 [0;800] y 2 [j 800 450} and
Kn2 [i ¥4Y) represenpositionandorientation;! 2 [j 10; 10]
is theangular velocity, vy 2 [j 10; 10]aretranslationakelocity
alongthey-axisof thelocal frame x ed onthecar Theinputto
the systemis the steeringangle u 2 [j 0:6; 0:6]. Theequdions
of motion are

vy =) w! o+ (fyf (u) + fyr(u)):M
L = (fyraj fy/b=l
X = Vxcos() i vysin(y (10)
y = Vxsin(y) + vy cos()
E8 b
in which vy = 88 is corstanttranslationalvelodty along x-

axis of the local frame, M and| are the massand inertia,
andfys (u) andfy, (u) arelinearfunctiors of u andrepresent
forces acting on front and rear tires along the y-axis of the
local frame.

Thetrailer system:The equationsof motion aregiven in
(7). The state spacebourds are: x 2 [0;400] y 2 [0;400]
2 [i %Y, 21 0:6;0:6], andpp 2 [i %% . The bourds
on inputsareu; 2 [0;2:0] andu; 2 [j 0:24;0:24]. Note, we
intentiondly setus, the forward speed to be nomegative so
that the systemis not STLC, and the gap canrot be redwced
by trivially moving along the direction of Lie braclet.

B. Results

Three methals were compared,which includel a classical
gradient descat, Methad 1, and Method 2. The classical
methoddoes not usesymmetriesof the systemand calcuates
the nal stateby numeically integratingthe cortrol function.
All three method used the randbmized subspaceselection
algorithm from SectionV with k. be 6 and the cardinality
of C be 10. Ten trials were done to the same problem for
eachalgarithm; eachtrial corsigs of 20 iterationsof subspace
selection,and correspoding norlinear programoptimization.
The average nal value of objedive functions and overall
running time over ten trials were reported. When applying
Method 2 on the trailer system,insteadof insertingintervals
after stateswith tan(" )=L; j sin(ig)=L> = 0 to maintain
the base,we insertedintervals after stateswith tan(” )=L; j
sin(Ug)=L, < 0:4. After a new control function is returned
from the gap reductionalgaithm, we calcdated nal states
of the new cortrol function using symmetriesand numeical
integration respetively. Theonly differencebetweentwo nal
statesvasat the orientationof thetrailer, |, andthe maximun
differencewas 0:082

The objedive function used to meaure gap error be-
tween the nal state and the goal state is Y£X: ; Xgoal) =
X

Wi jXt ; Xgoal 1,2 in whichw; is aweight for ead dimension,
i=1
andj¢; ¢j calaulatesthe distancebetwea thei" elemant of x;
and Xgoa consideringtopology. Weights are usedfor giving
greaterimportan@ to state variales that may have smaller
ranges. In our implementson, if the i elementof the state
correspods to the orientation of the system,w; = 10 and
X vii = min(jxi i VilsiXii Yili ¥9; otherwise,w; = 1 and



iX;Vii = iXi i Vij, in whichx;y 2 R", x; andy; areit"
elemen of x andy, andj ¢j returnsthe absolutevaue.

A piecavise constan cortrol function for ead motion
planring problem,showvn in Fig. 2, was calculded using the
resolution-corplete RRT algorithm[6]. The durationof initial
controlfunctionsfrom the planrer for eat problemis 13, 9:2,
and130seconls, respectiely. The original gaps betwea nal
statesandgod statesaresmallin the sensehattheinitial value
of objedive functionsis lessthan5. We alsochargedthe goal
stateto geneate problemswith large gaps, i.e., problemswith
theinitial valueof objedive functionslargerthan5. In fact,to
make the problemmoredif cu lt, the initial value of objedive
functionsfor large gaps in Fig. 2 is muchlarger than5.

All threemethodswere appliedon eachproblemwith both
small and large gap. Samplesolutionsfor eachproblen ob-
tainedusingMethod 2 areshawn in Fig. 2. From simulations,
we obsened thatall threemethod could closesmall gaps and
their performane is compaed in Fig. 3. For problemswith
large gaps, beauseonly Methad 2 works, we provided its
resultsseparatelyto avoid excessve empty entriesin Fig. 3.

Comprisonof performane on problemswith smallgaps:
Resultsof simulationsds shavn in Fig. 3, in whichthenumbes
1, 2 and3, dende prodemsthatinvolve the unicycle, car with
dynamics, andthetrailer systemrespectiely; “ini. val” is the
initial valueof objedive functiors;“av. f.v.” is theaverag nal
value of objective functiors; “T” is the overall running time.
The dataof Method 1 for the trailer systemis not availabe
(N/A) becaisethe systemis not feedtack-lineaizable.

From the table, note that the performare of Methad 1
and the classicalmethodis compaable becaise even thouch
Method 1 hassmallerrunning time, its average nal value is
bigge thanthe latter method There aretwo reasonsThe rst
reasonis thatthe initial controlfunctionsfor problen 1 and?2
only lastfor 9:2 and13 seconls, respectiely. BecauseMethad
1 perturbsthe control function in the kernd spaceof B in
(6), it sustainsmore constraintsand a harde optimizaion
problem which might neal to solve more low-dimersional
nonlinear programslf the cortrol functionis shortandthe cost
of numeical integrationfrom X,y is not big, computational
saving from the numerical integrationmight not cover the cost
to solve more nonlinear programs.The secom reasonis that
theinput spaceof thesetwo problemsis small,[j 0:6;0:6] and
[i L;1]1£ [i 4 4], respectiely, which leadsto an even harder
optimization We redesiged the problem with the unicycle
modd. Theinputspacewasincreaedto [j 10; 10]£ [j 40; 40],
andthelengthof the original cortrol sequacewasincreasedo
39 second. Tentrials weredoneusingead methal. Usingthe
classicalmethal, the overall running time is 17128 second.
Using Method 1, the overall running time is 2633 second,
which is signi cantly improved. Using Method 2, the overall
runningtime is 187 secomls, which is dramaticallysuperior

Problens with large gaps: Because only Method 2
worked for problemswith large gaps, only resultsfor Methad
2 are presented

For the problemwith the unicycle, Xinir is (0:5; 54; 0; 0; 0),
Xgoal IS (50;54; 0:5;7;0:4), andthe initial nal statex; is
(49:9;60; i 0:8;7;0:4). Of tentrials, the average nal value of
the objective function is 0:021, and the overall running time
is 734 secomls. For the problemwith the car with dynamics,
Xinit 1S (0;0;5;i 540,0), Xgoa is (7;0:2; 715 j 650G, 0), and
the initial x; is (7;0:2;639 649 0:25). Of ten trials, the
average nal value is 0:023 and the overall running time is
12047 second. For the problemwith the trailer system Xint
is (71556, %4 0,%), Xgoa is (80;40;0;0:04;0), and the initial
Xs is (64;18;j 0:35,0:04; 0:4). Of ten trials, the average
nal valueis 0:0094 and the overall runring time is 16375
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Fig. 2.  Gapreductionfor problemswith three different models,in which
solutions returnedfrom a motion planner are shavn as continuouslines;
dashedlines shov solutionsafter closing the large gaps; dotted lines shov
solutionsafter closing the small gaps,and thick sggmentsalong dashedand
dottedlines areinsertedtrajectoryintervals by the gap reductionalgorithm.



Classical Method 1 Method 2

Ini. | (w/o symm.)
val. av. T av. T av. T
fv. (s) fv. (s) f.v. (s)
1|l 2.6 | 0.040| 3146 || 0.48| 1654 || 0.013| 39
21| 3.9 | 0.062| 9689 || 0.45| 9191 || 0.043| 97
31| 49| 0.21 | 65610 || N/A | N/A | 0.051| 142

Fig. 3. Comparisorof performancdor a classcal approachandtwo methods
that exploit symmetriesMethod 2 yields the bestperformanceby far.

secorls.

VIlI. CONCLUSIONS

Basedon our experimentswe corcludethat our symmetry-
basedmethod are highly succesful at redudéng precision
errors in compued trajectories.The methals apdy to base
dynamics that are feedtack linearizableor afne in cortrol,
whichincludesmary interestingsystemghatarisein robotics.
With an optimized implementation, we expect the running
timesto be fastenowgh to enale mary interestingimprove-
ments of existing norholonamic and kinodynamic plannirg
techniques. For example, coarserquartizations may be used,
pathsfrom multiple searchtreescan be comtined, and entire
searchtreesmay be regycled by apgdying group actiors. In
future work, we hope to conmbine the methals developed here
with planring algorithmsin applicatiors suchasroboticsand
computergeneratd animation.
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